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Abstract

We study the existence and stability of periodic traveling-wave solutions for
the quadratic and cubic nonlinear Schrodinger equations in one space dimen-
sion.

1 Introduction
In this work we consider the nonlinear Schrodinger equation (NLS)
iUy + Ugy + |ulPu = 0. (1.1)

This equation appears in various problems, modeling many phenomena such as the
behavior of a non-ideal Bose gas with a weak particle interaction, the spreading of
the heat impulse in solids, the Langmuir waves in a plasma, etc. [17, [I§].

Our principal aim is to study the the orbital stability of the family of periodic
traveling-wave solutions

u = p(z,t) = (1 — 2t). (1.2)

where 7(y) is a real-valued T-periodic function and v,w € R are parameters, for
quadratic (p=1) and cubic (p=2) nonlinear Schrédinger equation.The problem of
the stability of solitary waves for nonlinear dispersive equations goes back to the
works of Benjamin [4] and Bona [5] (see also [I], 15, [16]). A general approach for
investigating the stability of solitary waves for nonlinear equations having a group of
symmetries was proposed in [§]. The existence and stability of solitary wave solutions
for equation (LI has been studied in [19]. Recently in [3], the authors developed a
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complete theory on the stability of cnoidal waves for the KAV equation. Other new
explicit formulae for the periodic traveling waves based on the Jacobi elliptic func-
tions, together with their stability, have been obtained in [2] 9] [10] for the nonlinear
Schrodinger equation, modified KdV equation, complex modified KdV equation, and
generalized BBM equation. In [I1], the stability of periodic traveling wave solutions
of BBM equation which wave profile stays close to the constant state u = (¢ — 1)'/7
is considered.

In this paper, we prove stability of the periodic traveling waves (L.2]) not oscillating
around zero (r # 0) for the quadratic and the cubic NLS. Our main results are
formulated as Theorem 2.1l and Theorem [B.1]in Sections 2 and 3 below. We base our
analysis on some appropriate invariant laws. Our approach is to verify that ¢ is a
minimizer of a properly chosen functional M which is conservative with respect to
time over the solutions of (ILI)). We consider the L?-space of T-periodic functions in
x € R, with a norm |[|.|| and a scalar product (.,.). To establish that the orbit

O ={e"p(-=&t): (&n) €[0,T] x [0,2]}
is stable, we take
u(z,t) = eMo(x — &,t) + h(x,t) = e“[r(z — € — 2ut) 4+ hy + ihy)

and express the leading term of M (u) — M(p) as (L1hy, hi) + (Laho, hy) where L; are
second-order selfadjoint differential operators in L?[0, 7] with potentials depending
on r and satisfying L7’ = Lor = 0. The proof of orbital stability requires that zero
is the second eigenvalue of L; and the first one of Ls.

Recall that the quadratic and cubic nonlinear Schrodinger equations are globally
well-posed in H*(T), for s > 0 [6].

The paper is organized as follows. We consider the quadratic and the cubic cases
in Sections 2 and 3 respectively. In Appendices 1 and 2, some facts from the theory of
complete Abelian integrals (e.g. Picard-Fuchs equations, polynomial moduli) are used
in order to derive several inequalities we needed during the proof our main results.

2 Existence and stability of periodic traveling waves
for the quadratic Schrodinger equation
Consider the equation
Uy + Ugy + |ulu =0, (2.1)

where u is a complex-valued function.
We are looking for a solution of equation (Z.I)) in the form (I.2)) where r is real-
valued. For r one obtains the equation

r" —wr+r|r|=0. (2.2)
Therefore,
2
r? —wr? + §r2|r\ =c (2.3)



and 7 is periodic provided that the level set H(z,y) = ¢ of the Hamiltonian system
dH = 0, with

2
H(z,y) = y* —wa’ + za®a],

contains a periodic trajectory (an oval). The level set H(x,y) = ¢ contains two
periodic trajectories if w > 0, ¢ € (—%w?’,O) and a unique periodic trajectory if
w € R, ¢ > 0. Under these conditions, equation (23]) becomes H(r,r") = ¢ and its
solution 7 is periodic of period T' = T'(w, ¢).

Below, we consider the case ¢ < 0. Then either r < 0 (the left case) or r > 0 (the
right case). To express r through elliptic functions, we denote by rg > r; > 0 the
positive solutions of 2p* — wp? — ¢ = 0. Then r; < |r| < ro and one can rewrite (2.3)
as

2 = 2(|r| = 1) (ro — [r)(Ir| + 70 + 71 — 3w). (2.4)

Therefore 2rg + 1 > ro 4+ 2ry > 3w. Introducing a new variable s € (0,1) via

7| = r1 + (ro — 71)s%, we transform (2.4)) into
8/2 — a2(1 - 82)(]{7,2 4 ]{7282)

where «, k, k" are positive constants (k* + k> = 1) given by

o2 = drg + 2r; — 3w 2 2ro — 21y p  2ro+4r —3w
a 12 ’ C Arg 4+ 2r — 3w’ C drg+2r — 3w’
Therefore
Ir(x)| =r1+ (1o — rl)cnz(ax; k). (2.5)

T =

2K (k) AVT— R+ KK (k) (2
—— 7 ,ke(O,l),Te[-(\/a, ) (2.6)

As usual, here and below, K (k) and E(k) denote the complete elliptic integrals of the
first and the second kind in a Legendre form. Let us recall for later use the system
they satisfy:

E

R =1

- K, kE'=E - K.

Lemma 2.1. For any w > 0 and T € I, there is a constant ¢ = c(w) such that the
periodic traveling-wave solution (28] determined by H(r,r") = c¢(w) has a period T.
The function c(w) is differentiable.

Proof. The statement follows from the implicit function theorem. It is easily seen
that the period T is a strictly increasing function of k:

k(2k2—1)K (k)+2(1—k2+kYH K’ (k
RVT= R+ RK (k) = S

_ 200Kk B(k)+(1—k*) (k> —2) K (k)

2k(1—k2)(1—k2+k4)3/4 > 0.




Given w and c in their range, consider the functions ry(w,c),r(w,c), k(w,c) and
T(w, c) given by the formulas we derived above. We obtain

OT _ dTdk _ 1 dTd)
dc  dk de  2kdk dec
3

: 2 _ 2rg—w _ 2,3 2 __ 2 _ 2
Further, using that k% = 3;=8-*=- — 1 and $rj — wrj = §ry —wry, we have

d(k?) B 3(47’1 — 2w)% — (4ry — 2w)%

de (4rg + 2r; — 3w)?
. 3w2(r1 — 7’0)

C4(rd — w?)(r? — w?)(4ry + 2r; — 3w)?’

We see that 0T (w, ¢)/0c # 0, therefore the implicit function theorem yields the result.
O

Equation (2.1)) has the following conservation laws

2uf’

3 )dx.

T T T
Q) =i [ wuds, Pl)= [ fuPds, Bw= [ (ul-
0 0 0
Let us consider the functional
M(u) = E(u) + (w + v*) P(u) — 20Q(u).
Next we introduce the pseudometric

d(u, @) = inf |u(z,t) — ez — & t)||r. (2.7)

(n,£)€[0,27] x[0,7]

For a fixed ¢ > 0, we denote

d*(u, ) = inf ug(x,t) — e (z — & |+ ql|u(z, t) — ez — &, 1)|]%).

g =it (il t) = (o — € DI +allulen ) — eola - €,0)]P)
(2.8)
0

Clearly, the infimum in (2.8)) is attained at some point (7, £) in the square [0, 7] x [0, 7.
Moreover, for ¢ € [q1, ¢2] C (0,00), (2.8)) is a pseudometric equivalent to (2.7).
Lemma 2.2. The metric d,(u, ) is a continuous function of t € [0,00).

Proof. The proof of the lemma is similar to the proof of Lemmas 1, 2 in [5] O.
Now, we can formulate our main result in this section.

Theorem 2.1. Let ¢ be given by (L2), with r # 0. For each € > 0 there exists
d > 0 such that if u(x,t) is a solution of 1)) and d(u, @)= < 0, then d(u,p) < €
vt € [0, 00).

The crucial step in the proof will be to verify the following statement.

Proposition 2.1. There exist positive constants m,q,dy such that if u is a periodic
solution of 2.1)), u(x,t) = u(x +T,t), P(u) = P(p) and d,(u, ) < oy, then

M(u) — M(p) = md:(u, p). (2.9)



Proof. In order to estimate AM = M (u) — M(yp), we set

u(z,t) = ez — &, t) + h(z, t),

2
C=v@ -8+ (w—v)t+n, F(s)= —§|e”7g0 + hsl?.
We have

F'(0) . F"(s) = F"(0)
2 + 2

(P + ef’) = F(1) ~ F(0) = F'(0) +
where
0<s<1, F'(0) = —2|p|Re(e”ph), F"(0) = —|¢| [Re(h*e™*<) + 3|h[*] .
Integrating by parts in the terms containing h, and h,, we obtain

AM = M(u) — M(p)
= 2Re [\ €[~ pus + (w + v* — |p])p + 2ivip, hdx

+ ST (1Rl + (@ + 02 = o)) hf2 — €L Re(e¢h2) — 2ivhh,)da

_ T E-r0)

0 2 €

=L+ L+
Using that r(z) satisfies the equation (2.2]) we obtain that [; = 0.
Let h(x,t) = (hy +ihy)e®, where h; and hy are real periodic functions with period
T'. Then we have
|h]> = hi + h3
|ho|? = h3, + k3, + 20(hihoy — hughe) + v (3 + h3)
(2.10)
Re(e=%¢h?) = h? — h2
[ hhypdz =i [\ (hipho — hihg, — vh3 — vh3)da.

Finally, for I; we obtain
T T
b= [+ = 2D+ [ B+ (o= Il = M+
0 0
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Consider in [0,7] = [0,2K(k)/a] the formal differential operators

d? d?
) +(w=2|r|), Ly= 2 + (w —|r]),

supplied with periodic boundary conditions. By the above formulas, 79 — 1 = 6a2k2,
2ry —w = 4a*(1 + k?). Taking y = ax as an independent variable in Ly, one obtains
Ly = o®A; with an operator A; in [0, 2K (k)] given by

L, =

d2
Av === a7 w—2(r1 + (ro — r1)en’(y; k)]
dy
>  w—2rg 2(ro—r1)
= _d—y2 + a2 + a2 SN (y, k‘)

2

d
:___41 2 122 2 . )
07 (14 k%) + 12k°sn*(y; k)

The spectral properties of the operator A; in [0,2K (k)] are well known. The first
three(simple) eigenvalues and corresponding eigenfunctions of A; are

po =k =2 —2/T— 2+ 4k% <0,
Yo(y) = dn(y; k)[1 — (14 2k? — V1 — k2 + 4k%)sn?(y; k)] > 0

1 =20
Ui(y) = dnly; k)sn(y; k)en(y; k) = 5 Len®(y; k)

po = k* —24+2¢/1 — k2 +4k* > 0
Poy) = dn(y; k)[1 — (14 2k> + VT — k2 + 4kD)sn?(y; k)]

Since the eigenvalues of L; and A, are related by \, = o?u,, it follows that the first
three eigenvalues of the operator L;, equipped with periodic boundary condition on
[0,2K (k)] are simple and Ay < 0,A\; = 0, A2 > 0. The corresponding eigenfunctions
are o (), Y1 (ax) = const.r’ and iy ().

In a similar way, with Ly = a*A,, one obtains in [0, 2K (k)]

d2
Ay = i 2(1 + k%) + 6k%sn*(y; k) + w/2a”.
Y
To express w through « and k, one should take into account the fact that in the cubic
equation we used to determine ry and 71, the coefficient at p is zero. Therefore,

o7 + (’l“() +r1)(%w — Ty — 7’1) = 0.
As rg = 2% + 20%k* + w, 1 = 202 — 402k + Sw, after replacing these values in the

above equation one obtains w? = 16a*(1 — k* + k?). Since w > 0, we finally obtain

2

Ay = —j—y2 +2(=1 = k* + V1 — k2 + k%) + 6k%sn®(y; k).



On the other hand, (2.5)) yields
Ir| = 202[1 + k* + V1 — k2 + k% — 3K%sn®(y; k)].
The first three eigenvalues and corresponding eigenfunctions of A, are as follows:
€ =0, Vg =T,
€60 =2—Kk+2V1—k2+ k4 v =dn'(y; k)
€ = 4v/1 — k2 + k4, vy =14+ k? — V1 — k2 + k* — 3k2sn?(y; k).

Estimates for M,.

From the above explanations we know that when considered in [0, T, the operator L
has an eigenfunction r corresponding to zero eigenvalue and the rest of the spectrum
is contained in (a®\;, 00).

In the formulas which follow, we take r = r(z) with an argument z = x — £ — 2vt.
The values of £ and 7 are chosen so that the infimum in (28] is attained at that point.
Therefore the derivative of dfl(u, ) with respect to 7 is equal to zero. Together with

(22), this yields

0 =i fOT hee™ "%, — 0.ehy + q(he™ P — peh)dx
=2Im fOT (—Pue + qp)ehdx (2.11)

= foT [(UZ —w+q+ |7’D rhy + 2UT’h1]dx.

We set hy = fr(z) + 0, fOT Ordx = 0. Substituting in (2.I1]), we obtain

2

[Irl?

T
Bllrl? {Uz_w+q4‘ ] —i—/o [0r|r| + 2vr'hy]dx = 0.

HTFT/|2|2H2 > w (see estimate Al of Appendix 1), we obtain the estimate

Using that

‘fOT(GrM + 2vr’h1)d:c‘

Il <
@+ a)llr]
eI 61+ 2ol L1 - (1
CETI

< mo([|6]] + [lhal]);



where mg = 2m; (v, w)/(q + w?) and

(HTQH 20wl 1] 2] ]Il \v|||\rl7“—wrl|).

1 1l R A T |17

my(v,w) = max
c€[—5w3,0]

Clearly, the first and the third terms are uniformly bounded for w fixed. The bound-
edness of the second and the fourth ones follows from the estimates in D1 of Appendix
1.(The third and fourth terms are included for later use.) We will use below that for
v and w fixed, my — 0 when ¢ — oo. Further,

[hal] < [B{[rl]+ 1161} < mo([[01] + [[7al]) + [161] = (mo + D)[10]] + mo|ha |-

Hence, we obtain

o> el mo o )19
01> g~ (gg) Il (212)

Since Lor = 0 and (0, r) = 0, then from the spectral properties of the operator Lo, it
follows
M2 = <L2h2, h2> = <L29,9> Z Oé2€1H9H2.

From here and (2.12)), one obtains

a’e; ,  aleym? )
M2Zm“h2|| —mthH : (2.13)
Estimates for M.
We set
hy = 11Yo(Z) + Y2r'(Z) 4+ 61, () = vibo(ZT) + P, (2.14)
where
(01,10) = (O1,7") = (¥, o) = (Yo, 7") = (¢,r") =0 (2.15)

and 71, 72 and v are some constants. By (2.15), we have
My (hy) = (Liha, ha) = A Mo(tho, Yoy + (L1641, 61).

Therefore, from spectral properties of the operator L; it follows
My (ha) > ¥ dol[ol” 4 Aala] > (2.16)

The fundamental difficulty in the estimate of M; is the appearance of the negative
term 2 \o|[1bg||%. Below, we are going to estimate it. From the condition

wa:A h+ (e — €, 1)Pde = P(y)

we obtain

T T
|h||> = 2Re/0 oz — &, t)hdr = —2/0 rhidz.
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Then using ([2.14), we have

1 T
~3 Bl =l + [ oo
0

and therefore

1 1 T ?
7%||¢o||zzw(§||h||2+/o ¢91d95> : (2.17)
From (2.17), we obtain
1 1+d d—i—l
2 2 < hll* + 0, 2) 2.18
Yil|vol|* < EITNTE ( |[B[1* + ——[2|*||6:]] (2.18)

where d is a positive constant which will be fixed later. Using (ZI7) and 2.16]), we
derive the inequality

2 Ao(1+d
Mz (dwtrulr+ D o+ 28D eao

Below, we will denote by C,,, D,, positive constants. By using (2.1I8) and (2.19]),
we derive the inequality

v2[[ol[? 41/2H¢0H2

> C1Ao|61]” — Dyl |R||*

M, > )\2+)\0(1+%)M>||91||2 Ao (1+d) ||h||4 2.20)

(see the estimates in point C1 of the Appendix 1).
We denote ¥ = hy — 721’ (Z) = 11¢0(Z) + 61. Then from (2ZI4), (220, we have

d 2
9112 = 721 2ol 2+ 16r][2 < (14 S gy j2 4 e

< Co[6u[[* + Dol |A]|*.

Then o2 Dollhld
C2 C’2|a|2
and hence, by (2:20)),
A Ao D D
My > g - S22 LD (2.21)

Cs
After differentiating (2.8)) with respect to ¢ and using (2.2), we obtain

0 =2Re [ e“"(pphy + qp.h)da
= 2Re fOT "+ 260" — v*1) (hiy — thay — i0hy — vhy) + q(r" + dvr)(hy — ihy)]dx

—2f0 —w + 2|r| 4+ 3v? 4+ q)r'hy + v(v? — 3w + 3|r| + q)rhod.
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From (2.11I), we have

T T
/ qrhodr = —/ [(v? — w4 |r|)rhy + 201" hy)dx
0 0

and replacing in the above equality, we obtain
T
/ [(—w + 2|7| + v* 4+ q)r'hy + v(2|r| — 2w)rhy]dx = 0.
0

Substituting h; = 797'(Z) + 9 in the above equality and using the orthogonality
condition (r',9) = (', v11bo + 01) = 0, we obtain

2 /112 T
I (—w T g M) b [ 0]~ 2)rh +2lr o)z =0
0

1|12

A 2R

(12

> w (see estimate B1 from Appendix 1),

)fOT [0(2]r| — 2w)rhs + 2|r|r'd]dx
(v + g1

< ol —wr{l - [[ha|] + 2[l|r[r || - [19]]
- (02 + )|

< mo([[0]] + [[hzl]).

2l [ <

Hence
2] < [yl 7|1+ [19]] < (mo + D[[I]] 4 mo|[hel|,

e s P (o N
= 2(mo+1)2 \mo+1 2

Replacing in (2.21]), we finally obtain

which yields

Ci\aDy + Co Dy

CiA
il - G

> - -
M2 C52(

Crdamiy_y 112
m0—|—1) 2 2

Cy(mg + 1) R|lt. (2.22)

The estimate for AM.

From (213) and ([2:22), we have (fixing ¢ large and therefore m, small enough)
C1A2—2C2a%eym? Coa?e1—2C1 Aam}
M+ My > (D3eand) g (CgtaziCuent) g,

— GG |4 > Cf ]2 — Dy ]l

10



On the other hand, estimating directly I from below (for this purpose we use its
initial formula), we obtain

T T
Iy > |[ho|* + [5 (w+v* =2|@|)|h*dz —2[v| [ |h] - |he|da
> ||ha|]? + (w4 v* — 2max |r[)[[2][* = 20%[|A|]* — 3||he|]?
= 3l1ha]]? + (w — v — 2r)||R]]*.
Let 0 <m < % We have

> m||hs||* + 2m(w — 0* = 2ro)[[A|* + (1 = 2m)(Cs[|P[* — Dsl|Al|*) + I

> m|hel[? + [(2m(w — v* = 2r9) + (1 = 2m)C3]|[A|[* — (1 — 2m) Ds]|[[* — |I3].

We choose m, so that 2mq = (1 — 2m)C3 + 2m(w — v* — 2ry), i.e.

Cs

2m = .
q+Cs —w+v2+2r

From the continuity of |z| and |z|e™2%"9% we have
mq
13| < 7%”2

From the inequality

1 T T T %
< [ a2 ([ weas [ npar)
T 0 0 0

2 < l/T|h|2da;+\/a/T|h|2dx+i/T|hx|2dx.
T 0 0 \/a 0

Hence for sufficiently large ¢, we obtain

we obtain

2
max |h(x,t)|2 < —d2(u,g0)
NG

and moreover |[|h||* < ¢7'd?(u, ¢). Consequently we can choose dy > 0, such that for
dy(u, ) < &y, we will have [max(4|alz|h| + |h|2) + (1 — 2m)Dsalz]||h|[> < gm.

Finally, we obtain that if d,(u, ¢) < do, then AM > mdg(u, ¢). Proposition R.1lis
completely proved. O

Proof of Theorem [2.Tl We split the proof of our main result into two steps. We
begin with the special case P(u) = P(p). Assume that m,q,d, have been selected

11



according to Proposition 2.1l Since AM does not depend on ¢,t € [0, 00), there exists
a constant [ such that AM < ld*(u, ¢)|—o. Below, we shall assume without loss of
generality that [ > 1,¢ > 1.

Let 5 "
i my % (m
8>0,5—m1n(<lq)2,<l) 5)

and d(u, ¢)|=o < . Then

)
dl](uv 90) < q1/2d(u7 90)|t:0 < 50

and Lemma 2.2] yields that there exists a to > 0 such that d,(u,¢) < d if t € [0,%o).
Then, by virtue of Proposition 2.1l we have

AM > md2(u,¢), t€[0,t).
Let t,,4. be the largest value such that
AM > mdg(u, ©), t€0,tmar)-
We assume that t,,,, < 0o. Then, for ¢ € [0, t;,q.] Wwe have

AM 1 [ 62
A, 9) < ——= < —d?(, 9)limp < —07 < 1.

Applying once again Lemma 2.2, we obtain that there exists t; > t,,4, such that
dq(u,go) < 50, t € [O,tl)

By virtue of the proposition, this contradicts the assumption t,,,, < oco. Conse-
quently, 4. = 00,

AM > mdg(u, @) > md*(u, ), t€0,00).

Therefore,
AM 1
dP(up) < — < —6* <% te0,00),
m m
which proves the theorem in the special case.
Now we proceed to release the restriction P(u) = ||u||? = ||¢||? = P(p). We have

ol = (16031 — k2 1 k2 [(k;? 2 VIR T KK (k) + 3E(K)])V2.

Below, we are going to apply a perturbation argument, freezing for a while the period
T and the parameters w,c in (Z3]). We claim there are respective parameter values
w*, ¢*, and corresponding ¢*, r*, o*, k*, see (2.2), (23) and (2.5), such that ¢* has a

period T in z and moreover, ||¢*|| = ||ul||. By (23], we obtain the equations
2K (k*
) _p_y
a (2.23)
[l 112 = JJul|* = 0.

12



Moreover, one has ||¢*|| = ||u|| and we could use the restricted result we established
above. As k= E*(T,||¢|]), « = o*(T, ||¢||), it remains to apply the implicit function

theorem to (2.23]). Since the corresponding Jacobian determinant reads

P (2K(k*)> P (2K(k*>>
Ok* a* da* a*
>0

sl P el

the needed properties are established.

60000
50000
40000
30000
20000
10000

02 04 06 08 1

Figure 1: Graph of the Jacobian determinant

By (2:23)) and our assumption, we have

Next, choosing n = 2(w* — w)t, £ = 0, we obtain inequality

(", ) < (L4 07" =[P + || — ||,
1

(2.24)

Denote for while ®(p) = 2a?(1 —2k*++/1 — k2 + k* +8k?cn?*(ax; k)), where k = k(p)
is determined from K (k) = $pT. Then r* —r = ®(a*) — ®(a) = (a* — a)P(p) with
some appropriate p. Moreover, |®'(p)| < Cp with constant independent of the values
with * accent. Hence |r* —r| < Cpla* — a. Similarly |r™* —r'| < Ci|a* —«|. All this,

together with (2.24) yields

20 . 20, ., .
d(¢",0) < Cla” = a|C = — |K (k") = K (k)| = == |K'(k)||k* = k.

Let € > 0. From the inequalities

™[] = Tl lll = Hull = {lell] < d(u, )li=0 <4

it follows that
—[Irll6 < (Nel) 7M™l = 1 < [|r]|6

13
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and, consequently, | ||| — [|r|[*| < ||r|[*01, where 61 = (1 + [|r||d)* — 1.
On the other hand, we have (using (2.24]) again)

112 = 1]

27/2
= T3/2

(K(k*))32/1 — k2 4 b [(k*2 2 VI R R () + 3E(k;*)]
—(K(k))**V1T— k> + kU [(k* — 2+ V1 — k2 + KK (k) + 3E(k)]|

> CQHk* - k|>
(2.26)
Thus combining (2.25)) and ([2.20), we get

d(u, ") =0 < d(u, ¢)|t=0 + d(p, ©")|t=0 < 0 + ||7’||26'51 = 0o.

We select ¢ sufficiently small and apply the part of the theorem which has been
already proved,

d(u, ")|i=o < do = d(u, ") < =, t €10,00).

DN ™

Choosing an appropriate § > 0, we obtain that
d(u, ) < d(u, ¢") +d(p, ") <k,

for all t € [0, 00). Theorem 2.1]is completely proved. O

3 Existence and stability of periodic traveling waves
for the cubic Schrodinger equation

Consider the cubic nonlinear Schrodinger equation
iy + Ugy + |u*u = 0, (3.1)

where u = u(x,t) is a complex-valued function of (z,t) € R?.
Equation (B.1]) possesses the following family of traveling-wave solutions

o(x,t) = T (1 9pt), (3.2)

where w and v are real parameters and the real-valued function r(z) satisfies equation
" —wr 413 =0. (3.3)
Integrating once again, we obtain

1
r? —wr? + 57"4 =c (3.4)
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and r is a periodic function provided that the energy level set H(x,y) = ¢ of the
Hamiltonian system dH = 0,
2 2, 1 4

H(z,y) =y —wz +§x :
contains an oval (a simple closed real curve free of critical points). The level set
H(x,y) = ¢ contains two periodic trajectories if w > 0, ¢ € (—%w2, 0) and a unique
periodic trajectory if w € R, ¢ > 0. Under these conditions, the solution of (3.3) is
determined by H (r,r") = ¢ and r is periodic of period T'= T'(w, ¢).

Below, we are going to consider the case ¢ < 0. Let us denote by rg > r; > 0
the positive roots of %r‘l —wr? —c¢ = 0. Then, up to a translation, we obtain the
respective explicit formulas

ré—r? 2w+ 2r2 70
r(z) = Frodn(az k), k*= -2 L 0 a=—, T=

(2) = Frodn(az; b - - 7 .
Recall that K(k) and E(k) are, as usual, the complete elliptic integrals of the first
and second kind in a Legendre form. By (B.5), one also obtains w = (2 — k?)a? and,

finally,
_2V2 - k2K (k) (2 ~
T = 7z , ke(0,1), Tel= <—\/c_u’ ) . (3.6)

We take w > 0, an energy level ¢ € (—1w? 0) and let T be the (minimal) period
of r(x). Assume that v # 0 is chosen to satisfy vT/2r € Z. Then there are two
periodic solutions r of ([B.3)): left (r < 0) and right (r > 0) and the corresponding
traveling-wave solution ¢(x,t) is periodic with respect to x of period T.

. (3.5)

Lemma 3.1. For any w > 0 and T € I, there is a constant ¢ = c(w) such that the
periodic traveling-wave solution ([B.5]) determined by H(r,r") = c¢(w) has a period T.
The function c(w) is differentiable.

Proof. See [10], Lemma 3.1.

Equation (3:1)) has the following conservation laws

Jul*

T T R T
Q) =i [ wuds, Pla)= [ fuPds, Bw)= [ (.l - )
0 0 0
Let us consider the functional
M(u) = E(u) + (w +v*) P(u) — 20Q(u).

Theorem 3.1. Let ¢ be given by (B2), with r # 0. For each € > 0 there exists
§ > 0 such that if u(x,t) is a solution of BI) and d(u, @)= < 6, then d(u,p) < e
vt € [0, 00).

The crucial step in the proof will be to verify the following statement.

15



Proposition 3.1. There exist positive constants m,q,dy such that if u is a periodic
solution of B.1)), u(x,t) =u(x +T,t), P(u) = P(p) and d,(u,p) < oy, then

M (u) — M(p) > mda(u, ¢). (3.7)
Proof. In order to estimate AM = M (u) — M(yp), we set

u(z,t) = e"p(x — &, 1) + h(z,t),

¢=v(@—&)+ (W+v)t+n,

and integrating by parts in the terms containing h, and h,, we obtain

ANL = NI(u) - M(p)
= 2Re [} €M~ pu0 + (W +0° — |¢|?)p + 2ivp, hdx
[T (Rl + (w + 02 — 2|02) B2 — |p2Re(e=24h2) — 2ivhh,)dx
— 1 [T h[2(4Re(e™ph) + |B|?)dx

=L+ 1+ Is.

Using that r(z) satisfies the equation (3.3]) we obtain that [; = 0.
Let '
h(z,t) = (hy + ihg)e™,
where hy and hy are real periodic functions with period T. Using (2.I0)), for I we
obtain

T T
I = / K2 4 (w — 3r2)h2)dz + / 2. + (w — r2)h2)dx = Ny +
0 0

Introduce in L?[0, T the self-adjoint operators L; and Ly generated by the differential
expressions

Ly = =02 + (w—3r?),
(3.8)
Ly =—0?+ (w—1?),
with periodic boundary conditions in [0, 7.

We use now (3.5) and (3.6) to rewrite operators Ly, Ly in more appropriate form.
From the expression for r(x) from (3.5]) and the relations between elliptic functions
sn(x), cn(z) and dn(x), we obtain

Ly = o?[=02 4 6k%sn*(y) — 4 — k7]

16



where y = au.

It is well-known that the first five eigenvalues of Ay = =02 + 6k*sn*(y, k), with
periodic boundary conditions on [0,4K (k)], where K (k) is the complete elliptic inte-
gral of the first kind, are simple. These eigenvalues and corresponding eigenfunctions
are:

=242k —2VT— K2+ k%, ¢oly) =1 — (1+ k2 — VI — K2+ kY)sn2(y, k),
v =1+#k?, ¢1(y) = en(y, k)dn(y, k) = sn'(y, k),

vy =144k, $2(y) = sn(y, k)dn(y, k) = —cn'(y, k),

vs = 4+ k2, ¢3(y) = sn(y, k)en(y, k) = —k=2dn’(y, k),

v =2+ 22+ 2VT — K2+ K%, ¢uly) =1 — (1 + k% + VI — k2 + kD) sn(y, k).

It follows that the first three eigenvalues of the operator L, equipped with periodic
boundary condition on [0,2K (k)] (that is, in the case of left and right family), are
simple and \g = a?(vy — v3) < 0, A\; = a?(v5 —v3) =0, Ay = @*(vy — 13) > 0. The
corresponding eigenfunctions are 1y = ¢o(ax), 1 = r'(z), s = ds(ax).

Similarly, for the operator L, we have
Ly = oﬂ—&j + 2k?sn’(y, k) — k]

in the case of left and right family. The spectrum of Ay = =37 +2k*sn*(y, k) is formed
by bands [k%,1] U [1 + k%, +00). The first three eigenvalues and the corresponding
eigenfunctions with periodic boundary conditions on [0,4K (k)] are simple and

€ = k2> 90(?/) = dn(ya k)a
€1 = 1a Hl(y) = Cn(y> k)a
e =14k 0Oa(y) = sn(y, k).

From (B4) it follows that zero is an eigenvalue of Ly and it is the first eigenvalue
in the case of left and right family, with corresponding eigenfunction r(x).

Estimates for Mg.

As in Section 2, we use below r = r(z) with an argument & = x — £ — 2vt. From
the explanations above, we know that when considered in [0, T], the operator Ly has
an eigenfunction r corresponding to zero eigenvalue and the rest of the spectrum is
contained in (a?, c0).

The derivative of dfl(u, ¢) with respect to n at the point where the minimum is
attained is equal to zero. Together with (B3], this yields

T
/ [(v* —w+q+7%) rhy + 20r'hy]dz = 0 (3.9)
0

17



We set hy = fr(z) + 0, fOT Ordx = 0. Substituting in (3.9]), we obtain

212 T
BlIr|)? [02 —w+q+ ““ ||||2 ] + / [0 + 2vr'hy]dz = 0.
r 0
Using that 2H:|2||2|2 > w (see estimate A2 of the Appendix2), we obtain the estimate
’fOT(Qr?’ + 2vr’h1)d1”
1BlIr[l <
(g +v?)]|r]]
|21 - 101+ 2[o] [[7]] - [[7 ]
(g +v?)][r|]

< mo(|[0]] + [[hal]),

where mg = 2m; (v,w)/(q + w?) and

P11 2l 171 2[o] [1r® — wr]] 3||7’27”||>

mi(v,w) = max (
’ el el 1| I

c€[—3w?,0]

(the third and fourth item are included for later use). It is obvious that the first and
the last fractions are bounded. For the second and the third ones, see estimates D2
in Appendix 2. We will use below that for v and w fixed, my — 0 when ¢ — oo.
Further,

[hall < IBHII1 411011 < mo (1101 + [[ha]]) + [16]] = (mo + DIIB]] + m0][ A |-

Hence, we obtain

9 2> ||h2||2 Mo ? h 2 310

Since Lor = 0 and (0, r) = 0, then from the spectral properties of the operator Lo, it

follows w
Mg = <L2h2,h2> = <L29,9> Z Oé2<9,9> Z §||9||2

From here and (B:I0), one obtains

w 2

Mo 2 gl = 5t sl (3.11)
Estimates for Ml.
We set
hi = 1¢o(@) + 7er’(T) + 01, 7(Z) = vio(T) + ¢, (3.12)
where
(01,%0) = (01,7") = (¥, %0) = (o, ") = (¥,7") =0 (3.13)
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and 71, 72 and v are some constants. As the same line as for M7, we obtain

2 2 1 1 2 g ’
= —|lh +/ 0 d:)s) . 3.14
71||w0|| V2||1/}0H2 (2” || 0 w 1 ( )
and .
B 2 (Ra+ 201+ 3)7H0L ) 1101112 + 250 A
(3.15)

> C1Aq]|04]]* — Dyw]|h|[*.

(see the estimates in point C2 of the Appendix2).

We denote ¥ = hy — v21'(Z) = 111o(Z) + 61. Then from (B.14), (3.15) and (since
Ay = —w +V4w? + 6¢ and Ny = —w — V4w? + 6¢ the inequalities Ay < %|)\0| < w, we
have

d 2
9112 = 22lol 2+ 1011 < (1+ SR 16012 + gl Iall
< Col|0u|P? + D3|
Then

[9[[*  Dsf|n]*
o> LAE _ Dall
2 Cow?
and hence, by (B13]) and Ay < w,
C' A C1Dy + CyDy 2
My = =] - S
2 (3.16)

= C3>\2H19||2 — Dyw?||h][*.
After differentiating (2.8)) with respect to ¢ and using (33]), we obtain
0 =2Re fOT e Pazhy + qpah)da
=2 fOT [(—w + 302 + 3r2 + ¢)r'hy + v(—3w + v* + 3r? + q)rhs)dz.
From (3.9), we have
T T
/ qrhqdx = —/ [20r'hy + (—w + v + 17*)rhy]dx
0 0

and replacing in the above equality, we obtain

T

/ [(—w +v® + 3r® + q)r'hy + v(—2w + 2r*)rhy)dz = 0.
0

Substituting h; = ~97'(Z) + 9 in the above equality and using the orthogonality

condition (r',9) = (', v11bo + 01) = 0, we obtain

3|rr|?

T
Yl 7] <—w +0P+q+ ) + / 2v(—w + r2)rhy + 3r2'9]dz = 0.
0

1|12
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Using that 3” Hl > w (see the estimates in point B2 of the Appendix2), we further
have
T 2 2,
] < ‘fo [2v(—w + 72)rhy + 3r*r'Y]dx
Yl |IT =
(v + @)[r'|]
< 2l = wr + 73] - [lhof| + 3[[r*r']] - [19]
B (v +q)|r|]

< mo(|[0]] + [1hel])-

Hence
2]l < yel |7+ [19]] < (mo + D[] 4 mol|hal],

[ [? mo 1\’
19]1* > 1 ) [kl

= 2(mo+1)2 \mg—+1
Replacing in (B.16]), we finally obtain

which yields

Cg)\g 2 Cg)\gm% 2 1 4
M hi||* — ————]||ho||* — D hi|*. 3.17
1_2(m0+1)2|| |l (m0—|—1)2|| d i (3.17)
The estimate for AM.
From (B.I1I) and (B.I7), one obtains
Cg)\g wmo 2 W — 403)\2m0 2 1 4
My + My > ————||h ———=——||ho||* — Dsw?z||h]||".
We now fix ¢ so that wm? < 103)\2 and assuming that C3 < = (whlch is no loss of

generality), one has also 403)\2m3 < 1w. Therefore we come to
My + My > Cado([|n]* + o] *) = D[ [B]|* = Cuol|A||* = Dw?[|B]"

where C; and D3 are absolute positive constants independent on the parameters of
the system.

On the other hand, estimating directly I from below (for this purpose we use its
initial formula), we have

Iy > [kl + [ (w+v2 = 2r2)|h2dx — 2[0] [ |h] - |he|dz — [ 72|h|2dz
> ||ho| [ + (w + v — 2r3)[|h|[* = 202||B||* — 3| ha| > — 73| R] >
Hhe| > — (v + 5w)|[h| %
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Similarly, |I5] < max(4|2w|z|h| + |R]2)]|R]]2. Let 0 < m < 1. We obtain

AM  =2mly + (1 —2m)(M; + M) + I3
> m|lhe || = 2m(v? + 5w) | |1 + (1 = 2m) (Cido [A]2 — Daw? | [R]|*)
—max(4|2w]2|A] + [A]?)]|A]]
= m||h||? + [-2m(v? 4 5w) + (1 — 2m)CyAo] || h||?
—[max(4[2w[2 |A] + [1]2) + (1 — 2m) D2 ||| ]| 1] .
We choose m, so that

Cirg

< 1.
q+ v2+ 5w+ Cih

2gm = (1 — 2m)CyAy — 2m(v? + 5w), ie. 2m =

From the inequality

T T T 3
|h|2gi/ |h|2da:+2</ |h|2d:):/ |hx|2dx)
T 0 0 0

B2 < l/T|h|2dx+¢a/T\h\2dx+i/T|hm\2dx.
T 0 0 \/6 0

Hence for sufficiently large ¢, we obtain

we obtain

2
max |h(x,t)|2 < —d2(u,g0)
NG

and moreover [|h||* < ¢7'd2(u, ¢). Consequently we can choose §y > 0, such that for
dy(u, @) < 0o, we will have [max(4]2w|2|h| + |h[2) + (1 — 2m) Dsw?]||R]|> < gm.

Finally, we obtain that if d,(u, ¢) < do, then AM > mdﬁ(u, ¢). Proposition B1lis
completely proved. O

Proof of Theorem [B.I. The proof of the theorem in the case P(u) = ||ul|* =
l|¢||> = P(p) is the same as in Theorem 211 If P(u) # P(y), we proceed similarly
as in Theorem Il We have ||¢|| = (2v/2roE(k))"/?, where g is given by (B.5).

We claim there are respective parameter values w*, ¢*, and corresponding ¢*, r*, 7,
k*, see (B.5) and (B.6)), such that ¢* has a period T in z and moreover, 2v/2rf E(k*) =

l|ul|>. By (B3), we obtain the equations

2 *
V2K (k) T =0,
e (3.18)
2IE() — [[ull* = 0.
If (3I8) has a solution k* = k*(T, ||ul|), r§ = r§(T, ||ul|), then the parameter values
we need are given by

2w* = (2 — k:*z)r32, 2 = (k*2 — 1)7“34.
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Moreover, one has ||¢*|| = ||u|| and we could use the restricted result we established
above. As k= k*(T, ||¢l]), ro = r5(T, ||¢||), it remains to apply the implicit function
theorem to (3.I8]). Since the corresponding Jacobian determinant reads
2fK'(k*) 2fK(k*) 8
0 |==(KE) >0
2\/_r§E’( “) 2\/_E(k:*) 7o

the existence of w* and ¢* with the needed properties is established.
By (B.I8) and our assumption, we have

22K (k*) _ 2v2K (k)

*

-y (3.19)
Choosing n = 2(w* —w)t, £ =0, we obtain the inequality
(e @) < L+ ) =rl+ [l =

For ®(p) = pdn(zp,k(p)), where k = k(p) is determined from K(k) = 3pT, we
get r* — 1 = ®(rf) — O(ro) = (1§ — ro)®'(p) with some appropriate p. Moreover,
|’ (p)| < Co. Hence |r* —r| < Colrg — rol, |7 — 7| < Cilrg — ro|, and by B19)

Mcuf(k*) K (k)| < MC

d(¢*, ¢) < [rg =70l < | K (R)[|k = k.

From the inequalities

eIl = el = [ull = llelll < d(u, @)li=0 <0

it follows that

~(2v2rE) < Il el - 1 < (2v2reE)

and, therefore, 1 — §; < %(g)' < 148y, ie. |[rE(K") —roE| < roEé;, where

61 = (1 + (2roE)~%26)? — 1. On the other hand

roE (k") —roE (k)| = ﬁlK( K)E(K)—K(k)E(k)| = il(KE) "(R)|E"—k| = Co|k"—k,

12

with appropriate C > 0. Thus
d(u, ¢*)|imo < d(u, )|imo + d(p, ©*)|imo < 8 + 1o ECS; = &.

The rest of the proof is the same as in Theorem 2.1l O
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4 Appendix 1

Below, we provide some estimates needed in our proofs concerning the quadratic
Schrodinger equation. Without loss of generality, we will assume that » > 0. The
case of negative r is dealt with by changing » — —r in all equations from Section 1.

Forn € Z and ¢ € (—3w?,0), consider the line integrals I,,(c) and their derivatives

I! (¢) given by iy
LO=f e L@-¢ 5 (4.1)
H=c H=c 2y

where the integration is along the right oval contained in the level set {H = ¢} and
H(z,y) = y* —wa? 4 22°. These integrals would be useful because

S R

(we applied a change of the variable r(t) = z in the integral and used equation (2.3))).
The properties of I,, are well known, see e.g. [9] for a similar treatment. Below, we
list some facts we are going to use.

z"dx

N)

= 21" (). (4.2)

Lemma. (i) The following identity holds:
3ncl,1 +3wn+3) 1 —2n+9),0=0, neZ
which 1mplies
I, =wl,, I3= c[o + 13 12 Wi, Iy = 143cw10 + (13c+ 189,391, (4.3)

143

(ii) The integrals Iy and Iy satisfy the system

6el, + 22T, = 51,
6well + (30c + 12w3) 1] = 351,.

(iii) The ratio R(c) = I{(c)/I}(c) satisfies the Riccati equation and related system

¢ = 6c(3c+ w?),

6¢(3c + w?)R'(¢) = w?R?(c) + 6¢R(c) — 3we, . 4.4
( () © © R = w?R? + 6cR — 3we, (44
which tmply estimates
3¢ dw c
- =< < — - —. 4.
w? — Rle) < 6 2w? (4.5)

The equations in (i)—(iii) are derived in a standard way, see [9] for more details.
The estimates (4.3]) follow from the fact that, in the (¢, R)-plane, the graph of R(c)
coincides with the concave separatrix trajectory of the system (4.4]) contained in the
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triangle with vertices (0,0), (—3w? ,w) and (0,%) and connecting the first two of
them.

After this preparation, we turn to prove the estimates we used in the preceding
Section 2.

[Ir3/2]|2

Al. The estimate for A, = - By ([@2), @3) and the first inequality in

([@H), we have

o it Iy 3ely+ 2T 3c Lbe
foT r2de 1, 5 wlj S5wR 5 —

A =

B1. The estimate for B, = 271 By [23) and (£3), we have as above

[Ir[12

B 2f0Tr(c+wr2 — §r3)dt B 2(el] +wlf — %ID

By =
fOT(c + wr? — 2r3)dt cly +wly — 313

6 cwl) + (e + 2w 6cw+ (5c+ 2w R o 12
- _ = — —Ww.
7 3ely + Wl 7 3c+ w?R -7
To obtain the last inequality, we used both estimates in (Z.]).

C1. The estimate for C; = Ay + A\o(1 + é)M By (2I14) and (2.15) we have

v2||4ol[?
<Ta¢0>
¢2: 7“2—1/21p 2, where v = .
Therefore ) ! Hsz H2
r 0
Ci= A\ Ml 1+-= — 1.
1T 0( +d)< (r,v0)? )

Below, we need to use the following well-known equalities (see e.g. [7]) which are
written out here for reader’s convenience:

(i) fOK dn?zdr = E(k)

(i) [ dntrde = =22 B(k) + LK (k)

(i) f* dnPude = SREBE(k) 4 LRETIK (k)

(iv) fOK dn*zsnzdr = 2§2§1E(k) + 1?;’22[((1{:)

(iv) fOK dn*zsntzdr = %E(k‘) - %K(lﬁ)

(v) [P en’adr = BE(k) + (k* — DK (k)]

(vi) [P sn2zde = Z[K (k) — E(k)]
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(vii) fOK dnxdx = f02K dnzsn®*vdr = fOQK dnzen?zdr = /2

(viii) fO2K dnzsn*zen®vdr = /8

2

™

. 2 —
(ix) [fy " dnPzde = 25

Now, we first recall that

r(r) = a®[1 + Kk + V1 — k2 + k% — 3k%sn?(ax; k)],
Yo(x) = dn(z; k)[1 — (14 2k> — /1T — k2 + 4k%)sn?(x; k)] > 0.

From (2.2), we obtain after integration
T T
l|r]|? = w/ r(z)dx = wriT 4+ w(rg — 7"1)/ cn?(ax)dz.
0 0
Then, by using (v) and the expressions of w, r; etc, we calculate

[[r]]> = 160°V1 — k2 + K4(K* — 2 + V1 — k2 + kY K (k) + 3E(k))]

Similarly, by direct calculations and making use of (i)-(ix), we come to the expressions

YRV =wyzl
ol = = 151<: (0 = D[(8K* + 3K + 2) — 202k + DVI — 12 T K (k)

+[(8k* — 3k* — 2)V1 — k2 + 4k* — 2(8K° — 4k* — k* — 1)]E(k)}.

(r,bo) = maf(14+k? + V1 — k2 + k%) (1 — 2k> + V1 — k2 + 4k%)
9k2 1 )
_T(g_% + V1 — k2 4 4k4)]

Next, calculating the asymptotical expansions near k = 0, we obtain
|[7|[? = 16ma3(1 — 2k% + 2k* + .. )
(ryo) =4dra(l — Ik + Dkt 4+ )
ol = ST 2R(1 - $02 + 1 1)
X 1=K+ K

Ao — g V1—Fk24+4k4

and, finally,

—Xo |I7] %% ]? 21 4 6
=1—-—k k). 4.
Ao — Ao (7, 1o)? 32 o) (4.6)

Let us denote by 1—§ the right-hand side of (d.6]). Clearly, 6 = §(k) satisfies 1 > § > 0
for k small enough, say 0 < k < ky. Fixing such a small k, then (4.6]) yields

[l eol® _ (_&) X5
e = (=9 (1-) <1+ 20 -1),
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Therefore

1 2,¢ 2 1
01=A2+Ao<1+3) (%—1) > Ay {1+<1+3)(5—1)} =C\

where C' is a positive constant, provided that d is chosen sufficiently large. Note
that the above estimate is not uniform in & when k tends to zero. This is because
§ = O(k*) and hence d = O(k™%).

2V\/hezn k > ko, we can simply draw the graph of the corresponding function f(k) =
Ir|1Z]l%oll

(T’,’Lﬁo>2

too (uniformly for k > k).

-1+ i—i to see that it is negative and placed far from zero. Hence, C| > C),,

Figure 2: Graph of f(k) <0

[Ir]|

[l

D1. The estimates for D; = L2 —erll and Dy =

TGl . Making use of statements

(i) and (ii) of the Lemma, we have
) _ fOT(r2 — wr)?dt _ WAy — 2wl + I
H fOT(c +wr? — 28t clg+wlh — 515

5 SBawlj+ (6e+w?) [ —wly+ 26 <
T el + w24 B Iy -
The last inequality follows from the fact that the periodic trajectories of the Hamil-
tonian system lie inside the saddle loop, in the domain H(z,y) < 0 which implies
y? < 2?(w— 3z) and 2 < 3w,
Similarly,

2w.

3
[T r2dt 1
C Belp+ Wi (Be+w?)y < 3¢+ w?
- bwll w7l —wl) T 5w?

B fOT(c twr? = 2r%)dt  cly+wly — 21
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The last inequality is due to the known fact [14] (Theorem 12), that the function
Q(c) = Ii(c)/Io(c) is strictly decreasing, therefore Q(c) > Q(0) = Sw, the value
obtained by direct calculation of elementary integrals.

5 Appendix 2

First of all, let us mention that the operator L;, defined by differential expression
B8) and equipped with periodic boundary conditions in [0,77], has the following
spectral data

)\OI—M—\/4M2+6C, w0:37‘2—3w—>\0,
)‘1 = 07 wl = T/7 (51)
Ao = —w +V4w? +6¢, 1y = 3r? — 3w — \s.

For n € Z and ¢ € (—4w?,0), consider the line integrals I,,(c) and their derivatives

I' (¢) given by
x"dx

I(c) = 7{{ e, I(e) = 7{1 e (5.2)

where one can assume for definiteness that the integration is along the right oval
contained in the level set {H = c}, H(z,y) = y* — wa® + 2. As above, these

integrals satisfy I),(c) = 1 fOT r™(z)dz. The properties of I,, are well known. We only
list some facts we are going to use.

Lemma. (i) The following identity holds:
(n+6)13—2wn+3)I1—2ncl, 1 =0, neZ

which 1mplies

I3 = wl, [427]0+7[2, I6IE o+

3+21

2¢ Sw Swe (20 32w2)
Is.

(ii) The integrals Iy and Iy satisfy the system

delf) + 2wl = 31,
dwell + (12¢ + 8w?) I} = 1515.

(iii) The ratio R(c) = I5(c)/I}(c) satisfies the Riccati equation and related system

¢ = 8c? + 4w’c,

8¢? + 4w?c)R'(¢) = —2we + 4cR(c) + wR?(c), . 5.4
( B (e) © (© R = —2wc+ 4cR + wR?, (54)
which tmply estimates
2c c 3w
—— < < — 4 —. .
= R(c) < 5% + 1 (5.5)



The equations in (i)—(iii) are derived in a standard way, see [9] for more details.
The estimates (B.5]) follow from the fact that, in the (¢, R)-plane, the graph of R(c)
coincides with the concave separatrix trajectory of the system (5.4]) contained in the
triangle with vertices (0,0), (—3w? w) and (0, 3w) and connecting the first two of
them. Note that R'(c) = —1/(2w) at ¢ = —iw?. We also use analyticity of the ratio
R(c) at this point and properties of the phase portrait of (5.4) to verify the above
statements.

After this preparation, we turn to prove the estimates we used in the preceding
sections.

A2. The estimate for A, =

|‘|‘r:‘\‘\;. By (£2), (53) and the first inequality in (5.5,

we have .
A Jo rtdt I, 2cl) 44wl 2c N dw
2 JTr2de I 31} 3R 3~
/ 16 6 32w?
B2. The estimate for B, = |‘|‘TTT,|‘|‘;. As I = 1—;}6]6 (gc + 1—?) 15, we have by

B4) as above

fOT r?(c+wr? — rt)dt 2Dy 42wl — I

By = =
’ fOT(c + wr? — grh)dt 2cly + 2wl — 1

_ 2welj+ 3¢+ 3wy 2we+ (3c+2wW)R S A
5 2cl) + wl} 5 2c +wR — 5
To obtain the last inequality, we used both estimates in (5.1).

C2. The estimate for Cy = Xy + Ao(1 + ) I By (BIZ) and (3I3) we have

v2|l¢pol[?*

_ 1Y (lrlPllol?

T
(r,1bg) = / [37“3 — (Bw 4 Ao)r]dt = 61 — (6w + 2Xg) [} = —2No11,
0

Next,

r|Plol > = [ 72dt [, (3r% — 3w — Xo)?dt

= 415[91; — (18w + 6X) I} + (3w + Ao )* 1]
= 415[(6¢ 4 (3w + Xo)*) I} — (6w + 6Xo) 5]
By (B.5), we have

T K (k)
L(c) = %/0 r2dt = (rg/a)/o dn?(t)dt = V2roE (k). (5.6)
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Making use of the identity E(k) = %ﬂ'F(l 1 1,k?) where F is the Gauss hyperge-

27 9
ometric function, we obtain an appropriate expansion to estimate E from above
T k*  3k*  BKS 2 I
Ek==-(1—-——————... )< —(1—=———
(k) 2( 4 64 512 ’)’ (>_4( 2 32)

with all removed terms negative. As I} = %ﬂ, by ([3.3]) this implies

— 10wrg + rg

2
2 i
7o

Together with I\ I}, > I}, this yields

[|7[ ] I2bol[? 1 2 3 2 2 4
W—l gA—% 6c + (3w + Ao) +4—Tg(w+A0)(w — 10wry +15)| — 1

_d(tw )k V3,
)\0 47’(2] )\0 8

where the equality is obtained by direct calculations. Therefore,

1 d+1+3 _
CQ Z)\g <—Q+T?> :Cg)\g

with Cy > 0 an absolute constant when d > 4 is fixed.
As a by-product of our calculations, we easily obtain also the estimate

N dollll? | deCE =D+
Aol ~ {rdw? = Il

Z —Dlw%.

D2. The estimates for Dy = el apnd Dyy = Il e proceed as in case D1

il Il

above. Making use of statements (i) and (ii) of the Lemma, we have

) _ fOT(w2r2 — 2wrt 4 r0)dt _ WAL — 2wl + 1
. fOT(c +wr? — irt)dt cly +wly — 31

w4+ (18c+Tw?) Iy —wly+ 31, <

= dw.
5(2cI} + wlb) L -
Similarly,
) fOT(c +wr? —2rtdt  elf+wly — L1}
Dy = T = 7
Jy rdt I
_ 2cj 4wl (2c+w?) o 2t w?
3, 5L—wly T 3w

As before, we used that Iy(c)/Io(c) is a decreasing function and calculated the value
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