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Abstract In this study, considering that the �b(6227) state is in molecular structure, the magnetic moment of this state is extracted in
the light-cone QCD sum rules. The numerical result is obtained asµ�b = 0.12±0.03µN. The magnetic moment of this state contains
important information of its internal structure and shape deformations. Measurement of the magnetic moment of the �b(6227) state
in future experimental facilities can be very helpful in identification of the quantum numbers, as well as comprehension of the inner
structure of this state.

1 Introduction

In recent years, more and more heavy baryons have been observed by LHCb, Belle and CDF collaborations and the spectra of
the heavy baryon sectors have become more and more abundance. Among the baryons, the singly bottom baryons are especially
fascinating, because the heavy quark symmetry is preserved well in them, and their mass splitting is remarkably smaller than that in
the case of light and charmed baryons. Studies involving the spectroscopic parameters and decay channels of singly heavy baryons
enhance our understanding of the non-perturbative regime of strong interaction, as well as our knowledge of their nature and internal
structure.

In 2018, the LHCb Collaboration was reported a bottom baryon, �b(6227) (�b for short), in both the �0
bK

− and �0
bπ

− final
states with mass m�b = 6226.9 ± 2.0(stat) ± 0.3(syst) ± 0.2 MeV and width ��b = 18.1 ± 5.4(stat) ± 1.8(syst) [1]. However,
spin-parity of this state remains unknown. After the experimental discovery, many studies have been carried out to understand the
properties of this particle. In some of these studies, this state is considered as the excited state of the �b baryon [2–12], while in
others it is considered as the pentaquark state [13–16]. Even though the studies of Refs. [2–12] seem to show that this state is a
conventional three-quark state, the �b might still be a K�b hadronic molecule state, because the mass gap between the �∗

b and the
ground �b baryons, about 440 MeV, is large enough to excite a light quark-anti-quark pair to form a molecular state. In Ref. [13],
mass of the �b state was studied in molecular pentaquark state with quantum numbers J P = 1/2± via QCD sum rules. They found
that their results support assigning �b state to be a molecular state with quantum number J P = 1/2−. In Ref. [14], the radiative
decays of the �b state have been obtained in the framework of effective Lagrangians by assuming this state as a molecular state
with the quantum number J P = 1/2−. In Ref. [15], the authors studied the strong decays of the �b baryon assuming that it is a
molecular state with different spin-party assignments. Their results showed that spin-parity J P = 1/2− assignment is preferred,
while spin-parity J P = 1/2+ and J P = 3/2± are disfavored. In Ref. [16], they studied mass of the �b state in the molecular picture
via an extension of the local hidden gauge approach in the Bethe–Salpeter equation. They found that the mass and width of �b state
remarkably close to the experimental data, for both the J P = 1/2− and J P = 3/2− sectors. However, the internal structure of this
particle is still not clearly elucidated. In addition to spectroscopic properties such as mass and decay channels, different studies are
needed to understand the properties of this state.

The investigation on the electromagnetic properties may provide a way of learning about the internal structure of the �b state.
Inspired by this, in the present study, we consider the magnetic moments of the �b with the spin-parity J P = 1/2−, using light-cone
QCD sum rule (LCSR) method [17–19] and assuming that the �b is a hadronic molecular state. In the LCSR, the time-ordered
product of the interpolating currents is sandwiched between the vacuum and an on-shell state. The on-shell state in the present
work is the photon. As it is known, an appropriate correlation function is written while performing calculations in LCSR. Then,
this correlation function is calculated in terms of both QCD degrees of freedom, QCD side, and hadronic parameters, hadronic side.
The results obtained with these two different approaches are equalized with the dispersion relation by choosing the same Lorentz
structures. Finally, Borel transform and continuum subtraction are performed to eliminate the contribution of excited and higher
state terms.
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This article is structured as follows. Section 2 is set aside for the details of the LCSR evaluations for the magnetic moment of the
�b state. Section 3 is devoted to the numerical calculations of the magnetic moment and discussion. Some parameters and formulas
related to the calculations are presented in Appendices A and B.

2 Formalism

In this section, we explain how to compute the magnetic moment of �b state in molecular picture. To derive the LCSR for the
magnetic moment, we start by considering the subsequent correlation function,

�(p, q) = i
∫

d4xeip·x 〈0|T {
J�b (x) J̄�b (0)

} |0〉γ , (1)

where γ is the external electromagnetic field and the J�b (x) stands for interpolating current of the considered state and it is given
as follows:

J�b (x) = [ūd(x)iγ5sd(x)][εabcuTa (x)Cγμdb(x)γ
μγ5bc(x)], (2)

where a, b, c and d are color indices. It should be noted that the interpolating current couples to the five quark components of
baryons. For a conventional baryon, this coupling would be small, but for a pentaquark state, this coupling can be large. In this work,
we assume that �b particle is dominantly a molecular state and hence the coupling of the molecular interpolating current to �b is
not negligible.

As we mentioned above, the correlation function in the LCSR method is calculated in two different ways: hadronic and QCD
sides. First, we focus on computation of the hadronic side. For this aim, we insert a full set of hadronic �b state into Eq. (1) and
carry out the integral over x to obtain

�Had(p, q) = 〈0 | J�b (x) | �b(p, s)〉
[p2 − m2

�b
] 〈�b(p, s) | �b(p + q, s)〉γ 〈�b(p + q, s) | J̄�b (0) | 0〉

[(p + q)2 − m2
�b

] + · · · (3)

The matrix element 〈0 | J�b (x) | �b(p, s)〉 is written with respect to the residue and the polarization vector of the �b state as

〈0 | J�b (x) | �b(p, s)〉 = λ�bu(p, s), (4)

while the matrix element 〈�b(p, s) | �b(p + q, s)〉γ is written with respect to the form factors,

〈�b(p, s) | �b(p + q, s)〉γ = εμ ū(p, s)
[[
F1(q

2) + F2(q
2)

]
γμ + F2(q

2)
(2p + q)μ

2m�b

]
u(p + q, s). (5)

We insert Eq. (4) and Eq. (5) in Eq. (3), and summing over the polarization vector of the �b state, we obtain the following result
for the hadronic side of the correlation function:

�Had(p, q) =λ2
�b

γ5

(
p/ + m�b

)

[p2 − m2
�b

]ε
μ

[[
F1(q

2) + F2(q
2)

]
γμ + F2(q

2)
(2p + q)μ

2m�b

]
γ5

(
p/ + q/ + m�b

)

[(p + q)2 − m2
�b

] . (6)

The value of form factors F1(q2) and F2(q2) gives us the magnetic form factor FM (q2) at different q2 :

FM (q2) = F1(q
2) + F2(q

2). (7)

At q2 = 0, the magnetic moment μ�b can be described with the FM (q2 = 0) as follows:

μ�b = e

2m�b

FM (q2 = 0). (8)

Now, we turn our attention to calculate the QCD side of the above-mentioned correlation function. It is evaluated in deep Euclidean
region where p2 → ∞ and −(p + q)2 → ∞. Employing the explicit expressions of the interpolating currents and contracting out
the light and heavy quark pairs using the Wick’s theorem, we obtain

�QCD(p, q) = −i εabcεa′b′c′
∫

d4x eip·x 〈0 | γ μγ5S
cc′
b (x)γ5γ

ν

Tr
[
γ5S

dd ′
u (−x)γ5S

dd ′
s (x)

]
Tr

[
γμS

bb′
d (x)γν S̃

aa′
u (x)

]
| 0〉γ , (9)
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where S̃i jc(q)(x) = CSi jTc(q)(x)C and , Sq(x) and Sb(x) are the light and b quark propagators, respectively. Their explicit expressions
in the x-space are presented as

Sq(x) = 1

2πx2

(
i
x/

x2 − mq

2

)
− 〈q̄q〉

12

(
1 − i

mq x/

4

)
− 〈q̄q〉

192
m2

0x
2
(

1 − i
mq x/

6

)

− igs
32π2x2 Gμν(x)

[
/xσμν + σμν /x

]
, (10)

Sb(x) = m2
b

4π2

[K1

(
mb

√−x2
)

√−x2
+ i

x/ K2

(
mb

√−x2
)

(
√−x2)2

]

− gsmb

16π2

∫ 1

0
dv Gμν(vx)

[
(σμνx/ + x/σμν)

K1

(
mb

√−x2
)

√−x2

+ 2σμνK0

(
mc

√
−x2

)]
, (11)

where K0, K1 and K2 are modified the second kind Bessel functions and Gμν is the gluon field strength tensor. The first term
of the light and heavy quark propagators corresponds to perturbative or free part, and the rest belong to the interacting parts. In
the LCSR method, the non-perturbative contribution shows up when a photon is emitted at long distances. To take into account
these contributions, it is required to expand the light quark propagator near the x2 ∼ 0. In this case, the matrix elements of
two and three-particle non-local operators show up between the photon states and vacuum such as 〈γ (q) |q̄(x)�i q(0)| 0〉 and
〈γ (q)

∣∣q̄(x)�i Gμνq(0)
∣∣ 0〉. These matrix elements are parameterized in connection with the photon distribution amplitudes (DAs),

which were determined in Ref. [20]. The explicit expressions of these terms are given in Appendix A. The QCD side of the correlation
function can be obtained associated with the quark-gluon properties via the photon DAs, and after performing an integration over
x, the expression of the correlation function in the momentum representation can be calculated straightforwardly.

As we explained in detail above, we have calculated the correlation function in two different ways. The next step will be to match
this differently calculated correlation function with each other using certain approaches. To do this, we will use the quark-hadron
duality approach and we apply the double Borel transform and continuum subtraction to suppress the contribution of excited and
higher states. Computations performed according to a scheme briefly explained above yield

μ�b λ2
�b

m�b = e
m2

�b
M2 
QCD . (12)

The explicit expression of 
QCD is presented Appendix B.

3 Numerical analysis and discussions

The LCSR for magnetic moment of the �b state contains many input parameters that we need their numerical values. We use
mu = md = 0, ms = 96+8

−4 MeV, mb = 4.18+0.03
−0.02 GeV [21], m�b = 6226.9 ± 2.0(stat) ± 0.3(syst) ± 0.2 MeV [1], λ�b =

(1.26+0.26
−0.27) × 10−3 GeV6 [13], f3γ = −0.0039 GeV2 [20], 〈ūu〉 = 〈d̄d〉 = (−0.24 ± 0.01)3 GeV3, 〈s̄s〉 = 0.8 〈ūu〉 GeV3 [22],

m2
0 = 0.8 ± 0.1 GeV2 [22], 〈g2

s G
2〉 = 0.88 GeV4 [23] and χ = −2.85 ± 0.5 GeV−2 [24]. We also need the photon DAs and the

input parameters used in these amplitudes to proceed in the calculations. The explicit expressions of the photon DAs and numerical
values of input parameters are given in Appendix A.

In addition to these parameters mentioned above, QCD sum rules contain two extra parameters known as Borel mass parameter
(M2) and continuum threshold (s0). According to the principles of the method used, the physical quantities to be calculated should
not be very sensitive to the variation of these parameters. In practice, it is necessary to apply some physical constraints such as
pole dominance and convergence of operator product expansion to ensure this situation. Considering these constraints, 50 GeV2

≤ s0 ≤ 52 GeV2 and 7 GeV2 ≤ M2 ≤ 9 GeV2 working regions have been determined for these extra parameters. In Fig. 1, we
give the dependence of the magnetic moment of the �b state on Borel mass parameter M2 , at three fixed values of the continuum
threshold s0. It follows from this figure that the magnetic moment indicates a weak dependence on M2 in its working region.

We have specified all the input parameters necessary to determine the numerical value for the magnetic moment of the �b state.
As a result of our detailed numerical calculations, where we consider the uncertainties in the input parameters, uncertainties entering
the photon DAs as well as uncertainties because of the variations of Borel mass parameter M2 and continuum threshold s0, the
magnetic moment of �b state is finally found to have the value

μ�b = 0.80 ± 0.19
e

2m�b

= 0.12 ± 0.03 μN . (13)
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Fig. 1 The dependence of
magnetic moment of the �b state
on M2 at three fixed values of s0
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The order of magnetic moment shows that it is accessible in the experiment. Detailed analysis of the calculations shows that the
value of the magnetic moment is determined by the light quarks. Our analysis shows that the experimental measurement of the
magnetic moment of the �b will be able to tell whether it is a molecular state or a conventional baryon. If the measured magnetic
moment value is consistent with our prediction, we can say that it is the molecular state; if not, we can say that it is the conventional
baryon state. With the increased luminosity in future runs and our prediction, the facilities like PANDA, LHCb, BESIII, Belle II and
so on might have the capability to measure magnetic moment of �b state.

Comparing the estimates obtained in this study with the results obtained using different approaches will be a test for the consistency
of our results. The study of the magnetic moment of �b with lattice QCD is strongly recommended. In Refs. [25,26], the mass
and magnetic moment of �(1405) state have been calculated by considering it as the molecular picture in the framework of lattice
QCD. A similar analysis can be performed using the Lattice QCD for the magnetic moment of the state �b. In comparison with the
predicted magnetic moment of lattice QCD, the results in present study can ensure further information for the experimental search
for the �b, and, moreover, the experimental measurements for this magnetic moment could be a important test for the molecule
configuration of the �b.

In summary, inspired by experimental observation of the �b(6227) state, the magnetic moment of the this state has been calculated
in the framework of the light-cone QCD sum rules employing the photon DAs and assuming that the �b(6227) is a hadronic molecular
state. The acquired result may be useful in exact determinations of the nature of this state. Checking our prediction with different
theoretical models and by future experiments can be very helpful for the comprehension of the inner structure as well as the geometric
shape of the �b(6227) state.

Appendix A: Photon distribution amplitudes and wave functions

In this Appendix, we give the matrix elements 〈γ (q) |q̄(x)�i q(0)| 0〉 and 〈γ (q)
∣∣q̄(x)�i Gμνq(0)

∣∣ 0〉 in connection with the photon
DAs and wave functions of different twists [20],

〈γ (q)|q̄(x)γμq(0)|0〉 = eq f3γ

(
εμ − qμ

εx

qx

) ∫ 1

0
dueiūqxψv(u)

〈γ (q)|q̄(x)γμγ5q(0)|0〉 = −1

4
eq f3γ εμναβενqαxβ

∫ 1

0
dueiūqxψa(u)

〈γ (q)|q̄(x)σμνq(0)|0〉 = −ieq 〈q̄q〉(εμqν − ενqμ)

∫ 1

0
dueiūqx

(
χϕγ (u) + x2

16
A(u)

)

− i

2(qx)
eq q̄q

[
xν

(
εμ − qμ

εx

qx

)
− xμ

(
εν − qν

εx

qx

)]∫ 1

0
dueiūqxhγ (u)

〈γ (q)|q̄(x)gsGμν(vx)q(0)|0〉 = −ieq〈q̄q〉 (
εμqν − ενqμ

) ∫
Dαi e

i(αq̄+vαg)qxS(αi )

〈γ (q)|q̄(x)gs G̃μν(vx)iγ5q(0)|0〉 = −ieq〈q̄q〉 (
εμqν − ενqμ

) ∫
Dαi e

i(αq̄+vαg)qx S̃(αi )

〈γ (q)|q̄(x)gs G̃μν(vx)γαγ5q(0)|0〉 = eq f3γ qα(εμqν − ενqμ)

∫
Dαi e

i(αq̄+vαg)qxA(αi )
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〈γ (q)|q̄(x)gsGμν(vx)iγαq(0)|0〉 = eq f3γ qα(εμqν − ενqμ)

∫
Dαi e

i(αq̄+vαg)qxV(αi )

〈γ (q)|q̄(x)σαβgsGμν(vx)q(0)|0〉 = eq〈q̄q〉
{[(

εμ − qμ

εx

qx

) (
gαν − 1

qx
(qαxν + qνxα)

)
qβ

−
(

εμ − qμ

εx

qx

)(
gβν − 1

qx
(qβxν + qνxβ)

)
qα −

(
εν − qν

εx

qx

)(
gαμ − 1

qx
(qαxμ + qμxα)

)
qβ

+
(

εν − qν

εx

q.x

) (
gβμ − 1

qx
(qβxμ + qμxβ)

)
qα

] ∫
Dαi e

i(αq̄+vαg)qxT1(αi )

+
[(

εα − qα

εx

qx

) (
gμβ − 1

qx
(qμxβ + qβxμ)

)
qν

−
(

εα − qα

εx

qx

)(
gνβ − 1

qx
(qνxβ + qβxν)

)
qμ

−
(

εβ − qβ

εx

qx

) (
gμα − 1

qx
(qμxα + qαxμ)

)
qν

+
(

εβ − qβ

εx

qx

)(
gνα − 1

qx
(qνxα + qαxν)

)
qμ

] ∫
Dαi e

i(αq̄+vαg)qxT2(αi )

+ 1

qx
(qμxν − qνxμ)(εαqβ − εβqα)

∫
Dαi e

i(αq̄+vαg)qxT3(αi )

+ 1

qx
(qαxβ − qβxα)(εμqν − ενqμ)

∫
Dαi e

i(αq̄+vαg)qxT4(αi )

}
,

where ϕγ (u) is the distribution amplitude of leading twist-2, ψv(u), ψa(u), A(αi ) and V(αi ), are the twist-3 amplitudes, and hγ (u),
A(u), S(αi ), S̃(αi ), T1(αi ), T2(αi ), T3(αi ) and T4(αi ) are the twist-4 photon DAs. The measure Dαi is defined as

∫
Dαi =

∫ 1

0
dαq̄

∫ 1

0
dαq

∫ 1

0
dαgδ(1 − αq̄ − αq − αg) .

The expressions of the DAs entering into the above matrix elements are defined as:

ϕγ (u) = 6uū

(
1 + ϕ2(μ)C

3
2
2 (u − ū)

)
,

ψv(u) = 3
(
3(2u − 1)2 − 1

) + 3

64

(
15wV

γ − 5wA
γ

) (
3 − 30(2u − 1)2 + 35(2u − 1)4) ,

ψa(u) = (
1 − (2u − 1)2) (

5(2u − 1)2 − 1
) 5

2

(
1 + 9

16
wV

γ − 3

16
wA

γ

)
,

hγ (u) = −10
(
1 + 2κ+)

C
1
2
2 (u − ū),

A(u) = 40u2ū2 (
3κ − κ+ + 1

) + 8(ζ+
2 − 3ζ2) [uū(2 + 13uū)

+ 2u3(10 − 15u + 6u2) ln(u) + 2ū3(10 − 15ū + 6ū2) ln(ū)
]
,

A(αi ) = 360αqαq̄α
2
g

(
1 + wA

γ

1

2
(7αg − 3)

)
,

V(αi ) = 540wV
γ (αq − αq̄)αqαq̄α

2
g,

T1(αi ) = −120(3ζ2 + ζ+
2 )(αq̄ − αq)αq̄αqαg,

T2(αi ) = 30α2
g(αq̄ − αq)

(
(κ − κ+) + (ζ1 − ζ+

1 )(1 − 2αg) + ζ2(3 − 4αg)
)
,

T3(αi ) = −120(3ζ2 − ζ+
2 )(αq̄ − αq)αq̄αqαg,

T4(αi ) = 30α2
g(αq̄ − αq)

(
(κ + κ+) + (ζ1 + ζ+

1 )(1 − 2αg) + ζ2(3 − 4αg)
)
,

S(αi ) = 30α2
g{(κ + κ+)(1 − αg) + (ζ1 + ζ+

1 )(1 − αg)(1 − 2αg) + ζ2[3(αq̄ − αq)
2 − αg(1 − αg)]},

S̃(αi ) = −30α2
g{(κ − κ+)(1 − αg) + (ζ1 − ζ+

1 )(1 − αg)(1 − 2αg) + ζ2[3(αq̄ − αq)
2 − αg(1 − αg)]}.

Numerical values of parameters used in distribution amplitudes are: ϕ2(1 GeV ) = 0, wV
γ = 3.8 ± 1.8, wA

γ = −2.1 ± 1.0,
κ = 0.2, κ+ = 0, ζ1 = 0.4, ζ2 = 0.3.
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Appendix B: The explicit expression of �QCD function

In this Appendix, we give the explicit expression for the function 
QCD acquired from the light-cone QCD sum rule in Sect. 2. It
is obtained by choosing the ε/p/ Lorentz structure as follows:


QCD = 1

9830400 π8

[
− m13

b

(
(18ed + eb + 18eu) I [−7, 5] − 15(ed + eu) I [−6, 4]

)
− 3m11

b (25ed + eb + 25eu)I [−6, 5]
]

+ m9
b

14155776 π8

[
P1(12ed − 5eb + 12eu) + 1152ms π2P2(8ed + eb + 8eu) − 576ms π2P3(8ed + eb + 8eu)

]

× I [−5, 3] + m9
b (ed + eu)

655360 π8

[
5m2

b I [−5, 4] − 8I [−5, 5]
]

+
[m9

b P1(ed + eu)

294912 π8

+ m7
b ms

24576 π6

(
3 P2

(
(3ed + 2eb + 3eu) × m2

0 + 4m2
b(ed + eu)

) − P3
(
m2

0(3ed + 2eb + 3eu) + 6m2
b(ed + eu)

))

+ m7
b P2P3

1536 π4 (3ed + 2eb + 3eu)
]
I [−4, 2]

+ m7
b

7077888 π8

[
P1(33 ed − 5eb + 33eu) + 16msπ

2P2(23ed + 72eb + 648eu)

− 576msπ
2P3(9ed + eb + 9eu)

]
× I [−4, 3]

+ m7
b

983040 π8

[
− 15m2

b (eu + ed) I [−4, 4] − (9ed + eb − 9eu)I [−4, 5]
]

+ m5
b

147456 π6

[
− 2m2

0m
2
b

(
P1 × (8ed − eb + 8eu) + 54ms P2(ed + eu)

)
+ P3

(
ms P1(8ed − eb + 8eu)

+ 36msm
2
0m

2
b(ed + eu) + 576π2P2 × (

m2
0(2ed + eb + 2eu) − m2

b(ed + eu)
))]

I [−3, 1] + m5
b

2359296 π8

[
29eu P1m

2
b

− 864ebm
2
0msπ

2P2 − 3456eu P2 × π2ms(m
2
0 + m2

b) + 288π2P3

(
ms

(
m2

0(eb + 4eu) + 6eum
2
b

) − 16π2P2(eb + 4eu)
)

+ ed
(

29P1m
2
b − 576π2 ×

(
m2

bms(6P2 − 3P3) + m2
0ms(6P2 − 2P3) + 32π2P2P3

))]
I [−3, 2]

+ m5
b (ed + eu)

131072π8

[
P1 + 64π2ms × (2P2 − P3)

]
I [−3, 3] + m5

b

655360 π8

[
10m2

b (ed + eu) I [−3, 4]

+ (−2ed + eb − 2eu) I [−3, 5]
]

+ m3
b

147456π6

[
− 2ms P2

(
P1(10ed − eb + 10eu) + 108m2

0m
2
b(ed + eu)

)

+ P3

(
ms

(
P1(10ed − eb + 10eu) + 72m2

0m
2
b × (ed + eu)

) + 576π2P2
(
m2

0(ed + eb + eu) − 2m2
b(ed + eu)

))]
I [−2, 1]

+ m3
b

7077888 π8

[
− 9(ed + eu)

(
13P1m

2
b − 288π2(m2

bms(4P2 − 2P3) + m2
0ms(3P2 − P3) + 16π2P2P3)

)
I [−2, 2]

+
(
(33ed + 5eb + 33eu)P1 + 1152msπ

2P2(ed − eb + eu) − 576msπ
2P3(ed − eb + eu)

)
I [−2, 3]

]

− m3
b

3276800π8

[
25(ed + eu)I [−2, 4] + (ed − 3eb + eu)I [−2, 5]

]

− mb

147456 π6

[
2ms P2

(
P1(3 ed − eb + 3eu) + 54m2

0m
2
b(ed + eu)

)

+ P3

(
− ms(P1 × (3ed − ed + 3eu) + 36m2

0m
2
b(ed + eu)) + 576π2P2(−ebm

2
0 + m2

b(ed + eu))
)]

I [−1, 1]
+ mb

2359296 π8

[
288ebm

2
0msπ

2P2 + m2
b(ed + eu)

(
23P1 − 1152msπ

2P2
) + 96π2P3

(
6m2

bms(ed + eu)

+ eb(−m2
0ms + 16π2P2)

)]
I [−1, 2] + mb

14155776 π8

[
(12ed + 12eu + 5eb)P1 + eb576msπ

2(−2P2 + P3)
]

× I [−1, 3] + mb

9830400 π8

[
15m2

b(ed + eu)I [−1, 4] + 2eb I [−1, 5]
]

+ 1

884736mb π6

[
ms P1

(
6(ed + eu)(10m2

b(2P2 − P3) + m2
0(3P2 − P3)) + ebm

2
0(−3P2 + P3)

)

123
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− 16
(
eb(27m4

0 + P1) − 3P2P3π
2(ed + eu)(9m

4
0 + 2P1)

)]
I [0, 0]

+ 1

36864mb π6

[
ms P1(2P2 − P3)(eb − 8ed − 8eu) + 144m2

0P2P3π
2(4eb + ed + eu)

]
I [0, 1]

+ (ed + eu)

2359296mb π8

[
− 5m2

b P1 I [0, 2] + 4π2(11P1 + 960ms(2P2 − P3))I [0, 3]
]

+ 2eb − 21(ed + eu)

614400mb π8 I [0, 5]

− mb

147456 π6

[
(eb − 11ed − 11eu)ms P1(2P2 − P3) + 576ebm

2
0P2P3π

2
]
I [1, 0]

− m7
b f3γ

393216 π6

[(
(ed + eu)I1[A] + (ed − eu)I1[V]

)(
m2

b I [−5, 4] − 3I [−4, 4]
)]

+ m5
b f3γ

4718592 π6

[(
((7ed − 4es − 21eu)P1 − 576(ed − 3eu)msπ

2(2P2 − P3))I1[A] + (−3ed P1 + 11eu P1

+ 576π2(ed − eu)ms(2P2 − P3))I1[V]
)
I [−3, 2] − 36

(
(ed + eu)I1[A] + (ed − eu)I1[V]

)
I [−3, 4]

]

+ m3
b f3γ

4718592 π6

[(
192π2(5ed − 3eu)

(
m2

0ms(3P2 − P3) + 16P2P3π
2) × I [−2, 1]

+ (
(−21ed + 4es + 35eu)P1 + 576π2(3ed − 5eu)ms(2P2 − P3)

)
I [−2, 2]

)
I1[A]

+ (192π2(ed − eu)
(
m2

0ms × (3P2 − P3) + 16π2P2P3
)
I [−2, 1] − (

(ed + 15eu)P1

+ 576π2(ed − eu)ms(2P2 − P3)
)
I [−2, 2])I1[V]

]

+ f3γ

24576mbπ4

(
m2

0ms(3P2 − P3) + 16π2P2P3

)(
(ed + eu)I1[A] + (ed − eu)I1[V]

)
I [0, 1], (14)

where P1 = 〈g2
s G

2〉 is gluon condensate, P2 = 〈q̄q〉 stands for u/d quark condensate, and P3 = 〈s̄s〉 represents s-quark condensate.
It should be noted that in Eq. (14), for the sake of brevity, we only give expressions that make substantial contributions to the
numerical value of the magnetic moment and do not present much higher-dimensional contributions, even though they are considered
in numerical calculations.

The functions I [n,m] and I1[A] are defined as:

I [n,m] =
∫ s0

m2
b

ds
∫ s

m2
b

dl e−s/M2 (s − l)m

ln
,

I1[F] =
∫

Dαi

∫ 1

0
dv F(αq̄ , αq , αg)δ(αq̄ + vαg − u0), (15)

where F stands for the corresponding photon DAs.
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