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1 Introduction

The interaction of composite particles with electromagnetic, QCD energy-momentum and
weak currents are parameterized in terms of the corresponding form factors (FFs) as the
building blocks. Having determined these FFs, one can construct different observables in
terms of these non-perturbative objects to determine the nature and internal quark-gluon
organizations of hadrons. In the case of the energy-momentum tensor (EMT) or gravitational
form factors (GFFs), which represent the gravitational interaction between a graviton and
the hadron, these FFs provide information on the mechanical properties of the hadron such
as the mass, spin, pressure, shear force, radius, etc. Understanding the mechanical structure
of hadrons is of great importance as it provides us with the fundamental information on
the internal structure and geometric shapes of the hadrons.

The GFFs for the spin-1/2 particles entering the matrix elements of the EMT current
were first parameterized in refs. [1–4]. Based on these parametrizations, the GFFs of
the nucleon as a basic baryonic structure have been intensively investigated in various
approaches [5–35]. Compared to the nucleon, the GFFs of other members of the baryon
octet were much less studied [36, 37]. The calculations of EMT FFs have recently been
extended to the parity flip transitions, N∗ → N [38–40]. They were also generalized to the
higher-spin particles [41] in a systematic way. For a spin-1 particle, the corresponding GFFs
were studied in refs. [28, 42–49] using different models and approaches. Very recently, the
N → ∆ transition matrix elements of the EMT current were also parametrized in ref. [50].
The GFFs for the spin-3/2 particle were also examined in refs. [28, 51–53], recently.

In our study on the GFFs of the nucleon [29], which were calculated in a large range of
transferred momentum square Q2, we compared our predictions on the GFFsM q

2 (Q2), Jq(Q2)
and dq1(Q2) (D-term) at small values of Q2 with the existing Lattice QCD predictions [54]
as well as the JLab data for the D-term [35]. For the form factor M q

2 (Q2), our predictions
were consistent with most of the Lattice QCD data points considering the errorbars. In the
case of Jq(Q2) and dq1(Q2) form factors, the Lattice results suffer from large uncertainties
at small values of Q2 that should be computed more accurately. It was also obtained that
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our predictions reproduce most of the JLab data at small values of Q2. In general, due to
polynomiality, all the GFFs of the nucleon can also be obtained from the second Mellin
moments of the generalized parton distributions (GPDs) integrated over Bjorken-x, for any
value of the skewness variable ξ. Only, the M2(Q2) and J(Q2) GFFs of the nucleon can
be calculated using its GPDs at zero skewness [55]. Very recently, the M2(Q2) and J(Q2)
GFFs were obtained at this limit by integration of the GPDs Hq(x,Q2) and Eq(x,Q2)
over Bjorken-x in refs. [56, 57] and compared with our previous light cone QCD sum rules
predictions presented in ref. [29]. Very surprisingly, for special sets, the obtained results
via the GPDs that themselves are extracted from the pure experimental data of different
collaborations are in a nice consistency with the predictions of our previous study, ref. [29],
for the GFFs M2(Q2) and J(Q2) at a vide range of Q2. Our predictions on the GFFs
of the negative parity excited nucleon N(1535) or N∗ and the transition GFFs of the
N∗ → N [39, 40] can be used to be compared with the future Lattice QCD results as well
as experimental data.

In the present article, we study the transition GFFs of the N → ∆ for the first time.
We use the light cone QCD sum rule formalism to find the five independent conserved and
four independent non-conserved GFFs defining this transition by considering the nucleon as
the on-shell state, which allows us to use the DAs of the nucleon in terms of wavefunctions
of different twists. We use two sets of parameters entering the wavefunctions to numerically
analyze the obtained sum rules for the FFs. We also give the fit functions of the transition
form factors describing the behavior of the FFs in terms of Q2.

The article is structured as follows. In next section we derive the desired sum rules for
the transition GFFs of the N → ∆. In section 3, we numerically analyze the sum rules for
the form factors to find their Q2 behavior and their values at static limit. The last section
is reserved for our concluding remarks.

2 Formalism

In light-cone sum rule (LCSR) approach, the following two-point correlation function in the
presence of the on-shell nucleon state is responsible for the calculations of the GFFs of the
N → ∆ transition:

Παµν(p, q) = i

∫
d4xeiqx〈0|T [J∆

α (0)T qµν(x)]|N(p)〉, (2.1)

where T is the time ordering operator, p is the nucleon’s four-momentum, q is the transferred
momentum, J∆

α (0) is the ∆’s interpolating current and T qµν(x) is the quark part of the EMT
current at point x. We insert a complete set of the intermediate ∆(p′, s′) with momentum
p′ and , s′ to the correlation function and perform the four-integral over x. This ends up in

ΠHad
αµν (p, q) =

∑
s′

〈0|J∆
α |∆(p′, s′)〉〈∆(p′, s′)|T qµν |N(p, s)〉

m2
∆ − p′2

+ . . . , (2.2)

where dots stand for the contributions of the higher states and continuum. We choose
the continuum threshold s0 (coming from the continuum subtraction procedure) such that
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the correlation function includes only the ground state ∆ and the first and higher excited
states are included in dots in the above equation (for the procedure of the continuum
subtraction and determination of the working window for continuum threshold s0 see the
sections appendix and III, respectively). To go further, we need to define the following
matrix element in terms of the residue of the ∆ baryon (λ∆):

〈0|J∆
α |∆(p′, s′)〉 = λ∆uα(p′, s′), (2.3)

where, uα(p′, s′) is the Rarita-Schwinger spinor. To proceed, we define the matrix element
of the quark part of the EMT current sandwiched between the nucleon and ∆ state. As the
quark part of the EMT current solely is not a conserved quantity, the transition matrix
element is decomposed in terms of nine form factors (five independent conserved and four
independent non-conserved) by demanding the criteria of the Lorentz invariance, discrete
space-time symmetries and the related equations of motions [50]:

〈∆(p′, s′)|T qµν |N(p, s)〉 =

ūβ(p′, s′)
[
FN∆

1 (Q2)
{
gβ{µPν} + (m2

∆ −m2
N )

∆2 gµν∆β −
(m2

∆ −m2
N )

2∆2 gβ{µ∆ν} −
∆βP{µ∆ν}

∆2

}

+ FN∆
2 (Q2)
m̄2

{
PµPν∆β + (m2

∆ −m2
N )2

4∆2 gµν∆β −
(m2

∆ −m2
N )

2∆2 P{µ∆ν}∆β

}
+ FN∆

3 (Q2)
m̄2

{
(∆µ∆ν −∆2gµν)∆β

}
+ FN∆

4 (Q2)m̄
{
γ{µgν}β + 2(m∆ +mN )

∆2 gµν∆β −
(m∆ +mN )

∆2 gβ{µ∆ν} −
1

∆2 γ{µ∆ν}∆β

}
+ FN∆

5 (Q2)
m̄

{
γ{µPν}∆β + (m2

∆ −m2
N )(m∆ +mN )
∆2 gµν∆β −

(m∆ +mN )
∆2 ∆{µPν}∆β

− (m2
∆ −m2

N )
2∆2 γ{µ∆ν}∆β

}
+ C̄N∆

1 (Q2)gµν∆β + C̄N∆
2 (Q2)
m̄2 ∆{µPν}∆β

+ C̄N∆
3 (Q2)
m̄

γ{µ∆ν}∆β + C̄N∆
4 (Q2)gβ{µ∆ν}

]
γ5uN (p, s), (2.4)

where P = (p′ + p)/2, ∆ = p′ − p, m̄ = (mN + m∆)/2, X{µYν} = (XµYν + XνYµ)/2
and Q2 = −∆2. Here, FN∆

1 (Q2), FN∆
2 (Q2), FN∆

3 (Q2), FN∆
4 (Q2), FN∆

5 (Q2), C̄N∆
1 (Q2),

C̄N∆
2 (Q2), C̄N∆

3 (Q2), and C̄N∆
4 (Q2) are the transition GFFs. Note that by introducing m̄

into the above definition at different places we tried to bring all the form factors to the
same dimensions. To further simplify, the summation over the spin of the Rarita-Schwinger
spinor for the ∆ baryon is introduced:

∑
s′

uα(p′, s′)ūβ(p′, s′) = −( 6p′ +m∆)
{
gαβ −

1
3γαγβ −

2p′αp′β
3m2

∆
+
p′αγβ − p′βγα

3m∆

}
. (2.5)

Using eqs. (2.3), (2.4) and (2.5) in eq. (2.2), we recast the phenomenological or physical
form of the correlation function in terms of the GFFs and other corresponding hadronic
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parameters as:

ΠHad
αµν (p, q) =

λ∆
m2

∆ − p′2

[
− ( 6p′ +m∆){gαβ −

1
3γαγβ −

2p′αp′β
3m2

∆
+
p′αγβ − p′βγα

3m∆
}
]

×
[
FN∆

1 (Q2)
{
gβ{µPν} + (m2

∆ −m2
N )

∆2 gµν∆β −
(m2

∆ −m2
N )

2∆2 gβ{µ∆ν} −
∆βP{µ∆ν}

∆2

}

+ FN∆
2 (Q2)
m̄2

{
PµPν∆β + (m2

∆ −m2
N )2

4∆2 gµν∆β −
(m2

∆ −m2
N )

2∆2 P{µ∆ν}∆β

}
+ FN∆

3 (Q2)
m̄2

{
(∆µ∆ν −∆2gµν)∆β

}
+ FN∆

4 (Q2)m̄
{
γ{µgν}β + 2(m∆ +mN )

∆2 gµν∆β −
(m∆ +mN )

∆2 gβ{µ∆ν} −
1

∆2 γ{µ∆ν}∆β

}
+ FN∆

5 (Q2)
m̄

{
γ{µPν}∆β + (m2

∆ −m2
N )(m∆ +mN )
∆2 gµν∆β −

(m∆ +mN )
∆2 ∆{µPν}∆β

− (m2
∆ −m2

N )
2∆2 γ{µ∆ν}∆β

}
+ C̄N∆

1 (Q2)gµν∆β + C̄N∆
2 (Q2)
m̄2 ∆{µPν}∆β

+ C̄N∆
3 (Q2)
m̄

γ{µ∆ν}∆β + C̄N∆
4 (Q2)gβ{µ∆ν}

]
γ5uN (p, s), (2.6)

where we only kept the contribution of the spin-3/2 ∆ baryon and omitted the contamination
coming from the spin-1/2 particles. In principle, the correlation function can also include
the contributions from spin-1/2 particles. The overlap of the spin-1/2 particles with the
J∆
α current can be written as

〈1/2(p′)|J∆
α |0〉 =

(
Ap′α +Bγα

)
u(p′) (2.7)

where u(p′) is the Dirac spinor describing the spin-1/2 particles. Hence, when the gamma
matrices are put into the order γαγµγνq/p/′γ5 in the related correlation function, the spin-1/2
states contribute only to the structures which have γα at the beginning or those that are
proportional to p′α. Then, the contributions of the spin-1/2 states in the correlation function
are eliminated by ignoring the structures proportional to p′α and the structures that contain
a γα at the beginning. By this way, only the contributions from spin-3/2 states are kept
(see also refs. [58, 59]).

As a result, one can decompose the hadronic representation of the correlation function
in terms of the various Lorentz structures entering the calculations:

ΠHad
αµν (p, q) =

ΠHad
1 (Q2) qµgανq/γ5 + ΠHad

2 (Q2) p′µp′νqαγ5 + ΠHad
3 (Q2) qµqνqαq/γ5 + ΠHad

4 (Q2) gαµγνq/γ5

+ ΠHad
5 (Q2) qαqµγνq/γ5 + ΠHad

6 (Q2) gµνqαγ5 + ΠHad
7 (Q2) p′µqαqνγ5 + ΠHad

8 (Q2) qαqνγµγ5

+ ΠHad
9 (Q2) gαµqνγ5 + . . . , (2.8)

where the invariant functions ΠHad
i (Q2) are functions of GFFs.
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The next step is to calculate the correlation function in quark-gluon language and in
terms of the QCD fundamental degrees of freedom. For this purpose, we insert the explicit
forms of the currents, which are given in terms of the corresponding quark fields, into the
correlation function. These currents are given as:

J∆
α (0) = 1√

3
εabc[2(uaT (0)Cγαdb(0))uc(0) + (uaT (0)Cγαub(0))dc(0)],

T qµν(x) = i

2

[
ūd(x)←→D µ(x)γνud(x) + d̄d(x)←→D µ(x)γνdd(x) + (µ↔ ν)

]
, (2.9)

where C is the charge conjugation operator; and a, b, c, d are color indices. The covariant
derivative, ←→D µ(x), is defined as

←→
D µ(x) = 1

2
[−→
Dµ(x)−←−Dµ(x)

]
, (2.10)

where
−→
Dµ(x) =

−→
∂ µ(x)− ig2λ

eAeµ(x), (2.11)

←−
Dµ(x) =

←−
∂ µ(x) + i

g

2λ
eAeµ(x), (2.12)

with λe and Aeµ(x) (e runs from 1 to 8) being the Gell-Mann matrices and external gluon
field, respectively. By using the explicit forms of the interpolating currents in the correlation
function and doing all the possible contractions among the quark fields via the Wick’s
theorem, we get the QCD side of the correlation function in terms of the light-quark
propagators and DAs of the nucleon:

(ΠQCD
αµν )λη(p, q) =

− 1
8
√

3

∫
d4xeiqx

[
(Cγα)αβ(←→D µ(x)γν)ρσ + (µ↔ ν)

]{
4εabc〈0|uaσ(0)ubθ(x)dcφ(0)|N(p, s)〉

×
[
2δηαδθσδ

φ
βSq(−x)λρ + 2δηλδ

θ
σδ
φ
βSq(−x)αρ + δηαδ

θ
σδ
φ
λSq(−x)βρ + δηβδ

θ
σδ
λ
φSq(−x)αρ

]
− 4εabc〈0|uaσ(0)ubθ(0)dcφ(x)|N(p, s)〉

[
2δηαδθλδφσSq(−x)βρ + δηαδ

θ
βδ
φ
σSq(−x)λρ

]}
, (2.13)

where Sq(x) is the light quark propagator defined as

Sq(x) = 1
2π2x2

(
i
x/

x2 −
mq

2
)
− 〈q̄q〉12

(
1− imqx/

4
)
− 〈q̄σ.Gq〉192 x2

(
1− imqx/

6
)

− igs
32π2x2 Gµν(x)

[
/xσµν + σµν/x

]
. (2.14)

We set mq = 0, and the terms ∼ 〈q̄q〉 and 〈q̄σ.Gq〉 are omitted following the Borel
transformation, which is applied to suppress the contributions of the higher states and
continuum. Hence, only the first term in the light quark propagator gives contribution to the
calculations. To proceed with the calculation of the correlation function, the matrix element
of the local three-quark operator 4εabc〈0|qa1α(a1x)qb2β(a2x)qc3γ(a3x)|N(p, s)〉 is needed. The
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light-cone distribution amplitudes of the nucleon, which we use in our study to extract the
GFFs, are presented in ref. [60] up to twist six on the basis of QCD conformal partial wave
expansion. All parameters inside the DAs are also borrowed from this reference.

By using the DAs of the nucleon and applying the Fourier transformations, the QCD
representation of the correlation function is acquired in terms of different Lorentz structures
in the following form:

ΠQCD
αµν (p, q) =

ΠQCD
1 (Q2) qµgανq/γ5 + ΠQCD

2 (Q2) p′µp′νqαγ5 + ΠQCD
3 (Q2) qµqνqαq/γ5 + ΠQCD

4 (Q2) gαµγνq/γ5

+ ΠQCD
5 (Q2) qαqµγνq/γ5 + ΠQCD

6 (Q2) gµνqαγ5 + ΠQCD
7 (Q2) p′µqαqνγ5 + ΠQCD

8 (Q2) qαqνγµγ5

+ ΠQCD
9 (Q2) gαµqνγ5 + . . . , (2.15)

where ΠQCD
1,2,...,9(Q2) are invariant functions corresponding to the coefficients of the se-

lected structures.
The LCSR for the N → ∆ transition GFFs are obtained by matching the coefficients

of the chosen Lorentz structures from both the physical and QCD representations of the
correlation function. To abolish the contributions coming from the higher states and
continuum, Borel transformation as well as continuum subtraction supplied by the quark-
hadron duality assumption are applied. We should stress that, we use the Lorentz structures
qµgανq/γ5, p′µp′νqαγ5, qµqνqαq/γ5, gαµγνq/γ5, qαqµγνq/γ5, gµνqαγ5, p′µqαqνγ5, qαqνγµγ5 and
gαµqνγ5 to find the LCSR for the N → ∆ transition GFFs, FN∆

1 (Q2), FN∆
2 (Q2), FN∆

3 (Q2),
FN∆

4 (Q2), FN∆
5 (Q2), C̄N∆

1 (Q2), C̄N∆
2 (Q2), C̄N∆

3 (Q2), and C̄N∆
4 (Q2), respectively. Hence,

FN∆
1 (Q2) λ∆

(m2
∆ − p′

2)
= −2 ρQCD

1 (v, y, x1, x2, x3),

FN∆
2 (Q2)λ∆(m∆ +mN )

(m2
∆ − p′

2)
= m̄2ρQCD

2 (v, y, x1, x2, x3),

FN∆
3 (Q2) λ∆

(m2
∆ − p′

2)
= −2 m̄2ρQCD

3 (v, y, x1, x2, x3),

FN∆
4 (Q2) λ∆

(m2
∆ − p′

2)
= − 3

m̄
ρQCD

4 (v, y, x1, x2, x3),

FN∆
5 (Q2) λ∆

(m2
∆ − p′

2)
= 2 m̄ ρQCD

5 (v, y, x1, x2, x3),

C̄N∆
1 (Q2)λ∆(m∆ +mN )

(m2
∆ − p′

2)
= ρQCD

6 (v, y, x1, x2, x3),

C̄N∆
2 (Q2)(m∆ +mN )λ∆

(m2
∆ − p′

2)
= m̄2

2 ρQCD
7 (v, y, x1, x2, x3),

C̄N∆
3 (Q2)λ∆(m∆ +mN )

(m2
∆ − p′

2)
= m̄ ρQCD

8 (v, y, x1, x2, x3),

C̄N∆
4 (Q2) λ∆

(mN +m∆) (m2
∆ − p′

2)
= ρQCD

9 (v, y, x1, x2, x3). (2.16)

The explicit expressions of the ρQCD
i (v, y, x1, x2, x3) functions are given in the appendix.
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Parameters Set-I Set-II

fN (5.0± 0.5)× 10−3 GeV2 (5.0± 0.5)× 10−3 GeV2

λ1 (−2.7± 0.9)× 10−2 GeV2 (−2.7± 0.9)× 10−2 GeV2

λ2 (5.4± 1.9)× 10−2 GeV2 (5.4± 1.9)× 10−2 GeV2

Au1 0.38± 0.15 0

V d
1 0.23± 0.03 1/3

fd1 0.40± 0.05 1/3

fd2 0.22± 0.05 4/15

fu1 0.07± 0.05 1/10

Table 1. The numerical values of the main input parameters entering the expressions of the
nucleon’s DAs. The upper panel shows the dimensionfull parameters the nucleon. In the lower panel
we list the values of the five dimensionless parameters that determine the shape of the DAs.

3 Numerical results

The sum rules obtained for the GFFs in the previous section contain different variables:
Hadronic and QCD input parameters, input parameters inside the DAs of the nucleon,
some auxiliary or helping parameters and transferred momentum square Q2. The main
purpose in this section is to discuss the Q2 behavior of the GFFs. To this end, the input
parameters of the quarks, nucleon and ∆ baryon entering the sum rules are selected as
mu = md = 0, mN = 0.94GeV, m∆ = 1.23GeV and λ∆ = 0.038GeV3 [61, 62]. Various
input parameters inside the DAs of the nucleon in two sets are borrowed from ref. [60] and
presented in table 1.

The next step is to fix the auxiliary parameters: the Borel parameter M2 and the
continuum threshold s0. To this end, we refer to the standard criteria of the sum rule
method: the pole dominance over the contributions of the higher states and continuum as
well as the higher the twist of the nucleon DAs, the lower its contribution. These criteria
are satisfied in the regions that the GFFs, as physical quantities, depend relatively weakly
on the auxiliary parameters and show relatively good stability in their working windows.
We acquire the following working windows for the s0 and M2 from the analyses:

2.0 GeV2 ≤ s0 ≤ 2.50 GeV2,

2.0 GeV2 ≤M2 ≤ 3.0 GeV2.

Figures 1 and 2 present the dependence of the GFFs for N −∆ transition on the auxiliary
parameters at Q2 = 1.0GeV2 for two sets of the nucleon DAs parameters. These figures
demonstrate good stability of the GFFs with respect to the changes of the auxiliary
parameters in their working regions: the residual dependencies appear as the uncertainties
in the results.
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Results of set-I Results of set-II

Form Factors f(0)(GeV−2)] M(GeV) α f(0)(GeV−2) M(GeV) α

FN∆
1 (Q2) 0.80± 0.08 1.17± 0.12 2.1− 2.3 1.10± 0.20 1.18± 0.10 2.8− 3.0
FN∆

2 (Q2) 0.20± 0.03 1.11± 0.05 2.4− 2.6 0.31± 0.04 1.26± 0.11 2.2− 2.4
FN∆

3 (Q2) −1.57± 0.26 1.22± 0.10 2.3− 2.5 −0.97± 0.12 1.14± 0.11 3.4− 3.6
FN∆

4 (Q2) 0.38± 0.06 1.17± 0.10 2.4− 2.6 0.28± 0.03 1.20± 0.11 2.4− 2.6
FN∆

5 (Q2) −0.51± 0.05 1.18± 0.09 2.2− 2.4 −0.71± 0.11 1.10± 0.13 2.2− 2.4
C̄N∆

1 (Q2) −0.073± 0.003 1.24± 0.10 2.4− 2.6 − 0.083± 0.003 1.24± 0.11 2.4− 2.6
C̄N∆

2 (Q2) 0.35± 0.03 1.29± 0.05 2.3− 2.5 0.63± 0.07 1.16± 0.10 2.1− 2.3
C̄N∆

3 (Q2) 0.20± 0.02 1.29± 0.03 1.8− 2.0 0.28± 0.03 1.19± 0.10 2.7− 2.9
C̄N∆

4 (Q2) − − − − − −

Table 2. Numerical values of the fitting parameters for the transition GFFs of N −∆.

Now, we proceed to discuss the Q2-behavior of the GFFs. The light-cone QCD sum
rules give reliable results for Q2 ≥ 1 GeV2. The mass corrections of the DAs ∼ m2

N/Q
2

turn out to be very large for Q2 < 1.0GeV2, in other words, the light-cone sum rules become
unreliable. Hence, for the GFFs, we expect the light-cone QCD sum rules to work effectively
in the 1.0GeV2 ≤ Q2 ≤ 10.0GeV2 region. Therefore to find the values of the GFFs at
static limit, Q2 = 0, we need to extrapolate the results to small values of Q2. The following
α-pole fit functions do this job well and produce all our sum rules results for Q2 ≥ 1GeV2:

FN∆
i (Q2)[C̄N∆

i (Q2)] = f(0)
[
1 + Q2

M2

]−α
, (3.1)

where the fit parameters including the values of GFFs at static limit, f(0), are given in
table 2. The uncertainties in the presented values belong to the errors of all input parameters
and those related to the determination of working intervals for the auxiliary parameters.
As we previously mentioned, the quark part of the EMT current alone is not conserved and
matrix element of the EMT current is parameterized in terms of five independent conserved
and four independent non-conserved form factors. The CN∆

i (Q2) form factors depict the
orders of breaking the conservation of quark part of the EMT current. Our analyses do
not give reliable results for CN∆

4 (Q2) for both the sets of nucleon DAs parameters. To our
best knowledge, this is the first direct study using an analytic method in the literature
dedicated to the calculation of the N → ∆ transition GFFs. These GFFs can also be
obtained from the transition GPDs. However, the connection between the transition GPDs
and transition energy-momentum tensor form factors is unknown [50]. One should first
study these connections like those in the case of nucleon discussed previously. The N → ∆
transition GPDs were studied in the large Nc limit in ref. [63]. It will be possible to extract
the general transition GPDs when the related complete experimental data are available.
The CLAS data on this transition is ongoing [50, 64].

Using the above fit functions, the Q2-behavior of the GFFs in a wide range, Q2 ∈ [0−10]
GeV2, are depicted in figures 3 and 4. Our results may be checked by future related
experiments, Lattice QCD and other phenomenological models.
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Figure 1. The dependence of the N → ∆ transition GFFs on M2 at Q2 = 1.0GeV2 and three fixed
values of the s0 and set-I parameters.
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Figure 2. The dependence of the N → ∆ transition GFFs on M2 at Q2 = 1.0GeV2 and three fixed
values of the s0 and set-II parameters.
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Figure 3. The dependence of the N → ∆ transition GFFs on Q2 at fixed values of the s0, average
M2 and set-I parameters.
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Figure 4. The dependence of the N → ∆ transition GFFs on Q2 at fixed values of the s0, average
M2 and set-II parameters.
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4 Summary and concluding remarks

We investigated the transition GFFs of the N → ∆. The quark part of the EMT current
are parameterized in terms of nine independent (five conserved and four non-conserved)
form factors. To calculate these GFFs, we applied the light-cone QCD sum rule technique
using the DAs of the on-shell nucleon. The nine independent Lorentz structures entering to
the calculations in both the hadronic and QCD sides allowed us to extract the sum rules
for the desired GFFs. We numerically analyzed the obtained sum rules for two sets of input
parameters inside the DAs of the nucleon. We used multipole fit functions to extrapolate
the results to the small values of Q2, 0 ≤ Q2 < 1GeV2, to find the values of the GFFs at
static limit. We presented the Q2-behaviors of the form factors in the interval [0− 10]GeV2,
using the working windows of the auxiliary parameters.

As we previously mentioned, investigation of the EMT current interactions of hadrons
besides their electromagnetic, weak and strong interactions can give us valuable information
about their mass and spin as well as the pressure and shear force their inside. The transition
GFFs of N → ∆ calculated in the present study include useful knowledge on the N −∆
system. Our results can be checked in future experiments. Comparison of our results with
the future Lattice QCD and other phenomenological predictions will be of great importance
as well. The direct measurement of the N −∆ GFFs may not be possible with the present
facilities. However, in principle, these GFFs can be extracted from the N −∆ GPDs by
considering them as the second Mellin moment of the transition GPDs. The project of
extracting the transition GPDs from the CLAS data is ongoing [50, 64].
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A Explicit forms of the ρQCD
i (v, y, x1, x2, x3) functions

In this appendix, we present the explicit expressions for the ρQCD
i (v, y, x1, x2, x3) functions:

ρQCD
1 (v,y,x1,x2,x3) =

m3
N

2
√

3

∫ 1

0

(1+x2)
(q−px2)4 dx2

∫ 1−x2

0
dx1

[(
AM

1 −TM
1 −2V M

1
)
(x1,x2,1−x1−x2)

]
− m

3
N

2
√

3

∫ 1

0

(1+x3)
(q−px3)4 dx3

∫ 1−x3

0
dx1

[
TM

1 (x1,1−x1−x3,x3)
]

− mN

4
√

3

∫ 1

0

(1+x2)
(q−px2)2 dx2

∫ 1−x2

0
dx1

[(
2A1+A3−2V1+V3

)
(x1,x2,1−x1−x2)

]
+ mN

4
√

3

∫ 1

0

(1+x3)
(q−px3)2 dx3

∫ 1−x3

0
dx1

[(
A3+2T1+V3

)
(x1,1−x1−x3,x3)

]
+ m3

N

4
√

3

∫ 1

0

(1+v)
(q−pv)4 dv

∫ v

0
dy

∫ 1

y
dx2

∫ 1−x2

0
dx1

[(
T1−T2−T5+T6−2T7−2T8

+V1−V2−V3−V4−V5+V6
)
(x1,x2,1−x1−x2)

]
+
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+ m3
N

4
√

3

∫ 1

0

(1+v)
(q−pv)4 dv

∫ v

0
dy

∫ 1

y
dx3

∫ 1−x3

0
dx1

[(
−A1+A2−A3−A4+A5−A6−4T1

+2T2+2T3+2T4+2T5−4T6+2T7+2T8+V1−V2−V3−V5+V6
)
(x1,1−x1−x3,x3)

]
+ mN

4
√

3

∫ 1

0

1
(q−py)2 dy

∫ 1

y
dx2

∫ 1−x2

0
dx1

[(
−2A1+2A2−2A3−T1+T2+2T7+2V1−2V2

−2V3
)
(x1,x2,1−x1−x2)

]
+mN√

3

∫ 1

0

1
(q−py)2 dy

∫ 1

y
dx3

∫ 1−x3

0
dx1

[(
T1+T3−T7

)
(x1,1−x1−x3,x3)

]
, (A.1)

ρQCD
2 (v,y,x1,x2,x3) =

1√
3

∫ 1

0

x2

(q−px2)2 dx2

∫ 1−x2

0
dx1

[(
−A1+V1

)
(x1,x2,1−x1−x2)

]
+ 2√

3

∫ 1

0

x3

(q−px3)2 dx3

∫ 1−x3

0
dx1

[
T1(x1,1−x1−x3,x3)

]
+m2

N√
3

∫ 1

0

x2
2

(q−px2)4 dx2

∫ 1−x2

0
dx1

[(
AM

1 +4TM
1 −2V M

1
)
(x1,x2,1−x1−x2)

]
−m

2
N√
3

∫ 1

0

x2
3

(q−px3)4 dx3

∫ 1−x3

0
dx1

[(
−AM

1 −2TM
1 +V M

1
)
(x1,1−x1−x3,x3)

]
+m2

N√
3

∫ 1

0

y2

(q−py)4 dy

∫ 1

y
dx2

∫ 1−x2

0
dx1

[(
−A1+A2−A3+V1−V2−V3

)
×(x1,x2,1−x1−x2)

]
+ m2

N

2
√

3

∫ 1

0

y2

(q−py)4 dy

∫ 1

y
dx3

∫ 1−x3

0
dx1

[(
A3−A4−4T1−2T3−2T5−4T7

−4T8−V1+V4+V5
)
(x1,1−x1−x3,x3)

]
+ 2m2

N√
3

∫ 1

0

v2

(q−pv)4 dv

∫ v

0
dy

∫ 1

y
dx2

∫ 1−x2

0
dx1

[(
−T2+T3+T5−T5−T7−T8

)
×(x1,x2,1−x1−x2)

]
+ 2m2

N√
3

∫ 1

0

v2

(q−pv)4 dv

∫ v

0
dy

∫ 1

y
dx3

∫ 1−x3

0
dx1

[(
−T2+T3+T5−T5−T7−T8

)
×(x1,1−x1−x3,x3)

]
, (A.2)

ρQCD
3 (v,y,x1,x2,x3) =

mN√
3

∫ 1

0

(1+2y+y2)
(q−py)4 dy

∫ 1

y
dx3

∫ 1−x3

0
dx1

[(
A1−A2+A3−V1+V2+V3+2T1−2T3

−2T7
)
(x1,1−x1−x3,x3)

]
+ 2m3

N√
3

∫ 1

0

v(1+v+v2)
(q−pv)6 dv

∫ v

0
dy

∫ 1

y
dx3

∫ 1−x3

0
dx1

[(
A1−A2+A3+A4−A5+A6+2T1

−2T3−2T4+2T6−2T7−2T8−V1+V2+V3+V5−V6
)
(x1,1−x1−x3,x3)

]
, (A.3)
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ρQCD
4 (v,y,x1,x2,x3) =

m2
N

2
√

3

∫ 1

0

1
(q−py)2 dy

∫ 1

y
dx2

∫ 1−x2

0
dx1

[(
A1−A2+A4+P1−P2−S1+S2+T1−T2

−T7−V1+V2+V4
)
(x1,x2,1−x1−x2)

]
+ m2

N

4
√

3

∫ 1

0

1
(q−py)2 dy

∫ 1

y
dx3

∫ 1−x3

0
dx1

[(
A3−A4−4T1+4T3+4T7+V3−V4

)
×(x1,1−x1−x3,x3)

]
, (A.4)

ρQCD
5 (v,y,x1,x2,x3) =

1√
3

∫ 1

0

1
(q−px2)2 dx2

∫ 1−x2

0
dx1

[(
A1−V1

)
(x1,x2,1−x1−x2)

]
+ 1√

3

∫ 1

0

1
(q−px3)2 dx3

∫ 1−x3

0
dx1

[(
A1−V1−T1

)
(x1,1−x1−x3,x3)

]
+m2

N√
3

∫ 1

0

(1+x2)
(q−px2)4 dx2

∫ 1−x2

0
dx1

[(
−AM

1 +2V M
1 −2TM

1
)
(x1,x2,1−x1−x2)

]
+m2

N√
3

∫ 1

0

(1+x3)
(q−px3)4 dx3

∫ 1−x3

0
dx1

[(
−AM

1 +V M
1 −2TM

1
)
(x1,1−x1−x3,x3)

]
+ m2

N

2
√

3

∫ 1

0

(1+2y+y2)
(q−py)4 dy

∫ 1

y
dx2

∫ 1−x2

0
dx1

[(
2A1−2A2+2A3−S1+S2−2V1+2V2

+V3+V4
)
(x1,x2,1−x1−x2)

]
+ m2

N

2
√

3

∫ 1

0

(1+2y+y2)
(q−py)4 dy

∫ 1

y
dx3

∫ 1−x3

0
dx1

[(
A3−A4−4T1+4T3+4T7−2V1+2V3

+2V5
)
(x1,1−x1−x3,x3)

]
+ 2m2

N√
3

∫ 1

0

(1+v)
(q−pv)4 dv

∫ v

0
dy

∫ 1

y
dx2

∫ 1−x2

0
dx1

[(
T2−T3−T4+T5+T6+T7+T8

)
×(x1,x2,1−x1−x2)

]
− 2m2

N√
3

∫ 1

0

(1+v)
(q−pv)4 dv

∫ v

0
dy

∫ 1

y
dx3

∫ 1−x3

0
dx1

[(
T2−T3−T4+T5+T6+T7+T8

)
×(x1,1−x1−x3,x3)

]
, (A.5)

ρQCD
6 (v,y,x1,x2,x3) =

m2
N

4
√

3

∫ 1

0

1
(q−px2)2 dx2

∫ 1−x2

0
dx1

[(
AM

1 +2TM
1 −2V M

1
)
(x1,x2,1−x1−x2)

]
+ m2

N

4
√

3

∫ 1

0

1
(q−px3)2 dx3

∫ 1−x3

0
dx1

[(
AM

1 −V M
1
)
(x1,1−x1−x3,x3)

]
+ m2

N

4
√

3

∫ 1

0

(1+y)
(q−py)2 dy

∫ 1

y
dx2

∫ 1−x2

0
dx1

[(
A3−A4−2P1+2P2+2S1−2S2+2T1−2T2−

−4T7+V3+V4
)
(x1,x2,1−x1−x2)

]
+
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+ m2
N

2
√

3

∫ 1

0

(1+y)
(q−py)2 dy

∫ 1

y
dx3

∫ 1−x3

0
dx1

[(
A1−A2+A4−2T2+2T3−2T7−V1+V2

+V4
)
(x1,1−x1−x3,x3)

]
+ m2

N

2
√

3

∫ 1

0

1
(q−pv)2 dv

∫ v

0
dy

∫ 1

y
dx2

∫ 1−x2

0
dx1

[(
T2−T3−T4+T5+T6+T7+T8

)
×(x1,x2,1−x1−x2)

]
− m

2
N

2
√

3

∫ 1

0

1
(q−pv)2 dv

∫ v

0
dy

∫ 1

y
dx3

∫ 1−x3

0
dx1

[(
T2−T3−T4+T5+T6+T7+T8

)
×(x1,1−x1−x3,x3)

]
+ m4

N

2
√

3

∫ 1

0

v(1+v)
(q−pv)4 dv

∫ v

0
dy

∫ 1

y
dx2

∫ 1−x2

0
dx1

[(
T1−T2−T5+T6−2T7−2T8

)
×(x1,x2,1−x1−x2)

]
− m

4
N

2
√

3

∫ 1

0

v(1+v)
(q−pv)4 dv

∫ v

0
dy

∫ 1

y
dx3

∫ 1−x3

0
dx1

[(
A1−A2+A3+A4−A5+A6+T1+T2

−2T3−2T4+T5−V1+V2+V3+V4+V5−V6
)
(x1,1−x1−x3,x3)

]
, (A.6)

ρQCD
7 (v,y,x1,x2,x3) =

1√
3

∫ 1

0

(1+2x2+x2
2)

(q−px2)2 dx2

∫ 1−x2

0
dx1

[(
A1−V1

)
(x1,x2,1−x1−x2)

]
+ 2√

3

∫ 1

0

(1+2x3+x2
3)

(q−px3)2 dx3

∫ 1−x3

0
dx1

[(
V1−A1−T1

)
(x1,1−x1−x3,x3)

]
+ 2m2

N√
3

∫ 1

0

(1+2x2+x2
2)

(q−px2)4 dx2

∫ 1−x2

0
dx1

[(
AM

1 +TM
1 −V M

1
)
(x1,x2,1−x1−x2)

]
+m2

N√
3

∫ 1

0

(1+2x3+x2
3)

(q−px3)4 dx3

∫ 1−x3

0
dx1

[(
−7AM

1 −8TM
1 +7V M

1
)
(x1,1−x1−x3,x3)

]
+ 4m2

N√
3

∫ 1

0

v(1+v)
(q−pv)4 dv

∫ v

0
dy

∫ 1

y
dx2

∫ 1−x2

0
dx1

[(
T2−T3−T4+T5+T6+T7+T8

)
×(x1,x2,1−x1−x2)

]
− 4m2

N√
3

∫ 1

0

v(1+v)
(q−pv)4 dv

∫ v

0
dy

∫ 1

y
dx3

∫ 1−x3

0
dx1

[(
T2−T3−T4+T5+T6+T7+T8

)
×(x1,1−x1−x3,x3)

]
+m2

N√
3

∫ 1

0

y(y+1)
(q−py)4 dy

∫ 1

y
dx2

∫ 1−x2

0
dx1

[(
A1−A2+A3−V1+V2+V3

)
×(x1,x2,1−x1−x2)

]
+m2

N√
3

∫ 1

0

y(y+1)
(q−py)4 dy

∫ 1

y
dx3

∫ 1−x3

0
dx1

[(
A3−A4−2T1+4T2−2T3+4T5+2T7+8T8

+2V1−2V4+2V5
)
(x1,1−x1−x3,x3)

]
−

− 4m4
N√
3

∫ 1

0

v2(1+v)
(q−pv)6 dv

∫ v

0
dy

∫ 1

y
dx3

∫ 1−x3

0
dx1

[(
A1−A2+A3+A4−A5+A6+2T1

−2T3−2T4+2T6−2T7−2T8−V1+V2+V3+V5−V6
)
(x1,1−x1−x3,x3)

]
, (A.7)
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ρQCD
8 (v,y,x1,x2,x3) =

mN√
3

∫ 1

0

(1+2x2+x2
2)

(q−px2)2 dx2

∫ 1−x2

0
dx1

[(
A1+A3−V1+V2

)
(x1,x2,1−x1−x2)

]
+ mN

2
√

3

∫ 1

0

(1+2x3+x2
3)

(q−px3)2 dx3

∫ 1−x3

0
dx1

[(
−A1−A3−2T1+V1−2V3

)
(x1,1−x1−x3,x3)

]
+m3

N√
3

∫ 1

0

(1+2x2+x2
2)

(q−px2)4 dx2

∫ 1−x2

0
dx1

[(
−TM

1 −2V M
1 −AM

1
)
(x1,x2,1−x1−x2)

]
+ m3

N

2
√

3

∫ 1

0

(1+2x3+x2
3)

(q−px3)4 dx3

∫ 1−x3

0
dx1

[(
AM

1 −V M
1 +TM

1
)
(x1,1−x1−x3,x3)

]
+ m3

N

2
√

3

∫ 1

0

y(1+y+y2)
(q−py)4 dy

∫ 1

y
dx2

∫ 1−x2

0
dx1

[(
4A1+4A2−A3−A4+2S1−2S2+4V1

−4V2−2V3−2V4−2V5
)
(x1,x2,1−x1−x2)

]
+ m3

N

2
√

3

∫ 1

0

y(1+y+y2)
(q−py)4 dy

∫ 1

y
dx3

∫ 1−x3

0
dx1

[(
−A3−2A4+4T1−4T3−4T7+2V1−2V3

−2V5
)
(x1,1−x1−x3,x3)

]
+m3

N√
3

∫ 1

0

(1+v+v2)
(q−pv)4 dv

∫ v

0
dy

∫ 1

y
dx2

∫ 1−x2

0
dx1

[(
A1−A2+A3+A4−A5+A6+2T1

−2T3−2T4+2T6−2T7−2T8−V1+V2+V3+V5−V6
)
(x1,x2,1−x1−x2)

]
+ 2m3

N√
3

∫ 1

0

(1+v+v2)
(q−pv)4 dv

∫ v

0
dy

∫ 1

y
dx3

∫ 1−x3

0
dx1

[(
T1−T3−T5+T6−2T7−2T8

)
×(x1,1−x1−x3,x3)

]
, (A.8)

and,

ρQCD
9 (v, y, x1, x2, x3) =

1√
3

∫ 1

0

(1 + 2x2 + x2
2)

(q − px2)2 dx2

∫ 1−x2

0
dx1

[(
A1 − V1

)
(x1, x2, 1− x1 − x2)

]
+ 2√

3

∫ 1

0

(1 + 2x3 + x2
3)

(q − px3)2 dx3

∫ 1−x3

0
dx1

[
T1(x1, 1− x1 − x3, x3)

]
+ m2

N

2
√

3

∫ 1

0

(1 + 2x2 + x2
2)

(q − px2)4 dx2

∫ 1−x2

0
dx1

[(
−AM1 + VM

1
)
(x1, x2, 1− x1 − x2)

]
+ m2

N

2
√

3

∫ 1

0

(1 + 2x3 + x2
3)

(q − px3)4 dx3

∫ 1−x3

0
dx1

[
TM1 (x1, 1− x1 − x3, x3)

]
+ 2m2

N√
3

∫ 1

0

(1 + v + v2)
(q − pv)4 dv

∫ v

0
dy

∫ 1

y
dx2

∫ 1−x2

0
dx1

[(
T2 + T3 + T4 − T5 − 2T7 − 2T8

)
× (x1, x2, 1− x1 − x2)

]
− 2m2

N√
3

∫ 1

0

(1 + v + v2)
(q − pv)4 dv

∫ v

0
dy

∫ 1

y
dx3

∫ 1−x3

0
dx1

[(
T2 + T3 + T4 − T5 − 2T7 − 2T8

)
× (x1, 1− x1 − x3, x3)

]
. (A.9)
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The Borel transformation as well as the continuum subtraction are performed making
use of the following replacements [60]:∫

dx
ρ(x)

(q − xp)2 → −
∫ 1

x0

dx

x
ρ(x)e−s(x)/M2

,∫
dx

ρ(x)
(q − xp)4 →

1
M2

∫ 1

x0

dx

x2 ρ(x)e−s(x)/M2 + ρ(x0)
Q2 + x2

0m
2
N

e−s0/M2
,∫

dx
ρ(x)

(q − xp)6 → −
1

2M4

∫ 1

x0

dx

x3 ρ(x)e−s(x)/M2 − 1
2M2

ρ(x0)
x0(Q2 + x2

0m
2
N )
e−s0/M2

+ 1
2

x2
0

Q2 + x2
0m

2
N

[
d

dx0

ρ(x0)
x0(Q2 + x2

0m
2
N )

]
e−s0/M2

, (A.10)

where
s(x) = (1− x)m2

N + 1− x
x

Q2, (A.11)

andM2 is the Borel mass parameter, which enters in the calculations after applying the Borel
transformation in terms of p′2. Here, x0 is found by solving the equation, s(x) = s0, i.e.,

x0 =
[√

(Q2 + s0 −m2
N )2 + 4m2

NQ
2 − (Q2 + s0 −m2

N )
]
/2m2

N , (A.12)

with s0 being the continuum threshold parameter.
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