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Self-Dual Codes With an Automorphism
of Order 11

Nikolay Yankov, Moon Ho Lee, Müberra Gürel, and Milena Ivanova

Abstract— Using a method for constructing self-dual codes
having an automorphism of odd prime order, we classify up to
equivalence all binary self-dual codes with an automorphism of
order 11 with 6 cycles and minimum distance 12. This classifica-
tion gives new [72, 36, 12] codes with weight enumerator that was
previously not obtained as well as many [66, 33, 12], [68, 34, 12],
and [70, 35, 12] codes with new values of the parameters in their
respective weight enumerators.

Index Terms— Self-dual codes, automorphisms.

I. INTRODUCTION

THE largest possible minimum weights of singly even self-
dual codes of lengths up to 72 are determined in [3].

Rains [20] proved that the minimum distance d of a binary
self-dual [n, k, d] code satisfies the following bound:

d ≤ 4�n/24� + 4, if n �≡ 22 (mod 24),

d ≤ 4�n/24� + 6, if n ≡ 22 (mod 24).

Codes achieving this bound are called extremal.
More than forty years ago Neil Sloane (see [17]) asked a

question which is still unanswered: is there a self-dual doubly-
even [72, 36, 16] code? The non existence of such a code
with an automorphism of order 11 was proven in [13] but
it is still unknown how many doubly-even [72, 36, 12] codes
exist.

Extremal and optimal self-dual codes with an automor-
phism of odd prime order are an extensively studied subject.
All such codes are classified up to length 50 [21]. In recent
works [14]–[16] some self-dual codes with automorphisms of
order 2r p for primes p = 5, 7, and 11 were constructed using
codes over rings F2 + uF2, F2 + uF2 + u2

F2, F4 + uF4,
and Rk .

We say that a code C of length n has an automorphism σ
of type p-(c, f ) for prime p if σ has exactly c independent
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p-cycles and f = n − cp fixed points in its decomposition.
Without loss of generality we may assume that

σ = (1, 2, . . . , p)(p + 1, p + 2, . . . , 2 p) . . .

(p(c − 1) + 1, p(c − 1) + 2, . . . , pc). (1)

In [25] and [26] the self-dual codes with an automorphism
of order 11 with four cycles are studied. There is a unique
[44, 22, 8] code with an automorphism of type 11-(2, 22),
and 11 codes with an automorphism of type 11-(4, 0).
Huffman in [12] presented a survey of the status of the classi-
fication of self-dual codes over F2. Also there [12, Table 2],
the case of binary self-dual codes of lengths 66, 68 and 70
with an automorphism of order 11 with 6 cycles is listed as
open.

This work is organized as follows. In Section II we intro-
duce the construction method used in this paper. In Section III
we classify all Hermitian [6, 3,≥ 3] codes over finite field
with 210 elements. Finally in Section IV using some of
the codes from Section III we classify all binary self-
dual [66 + 2s, 33 + s, 12] codes with an automorphism of
type 11-(6, 2s) for s = 0, 1, 2, 3.

II. PRELIMINARIES

We apply a method for constructing binary self-dual
codes possessing an automorphism of odd prime order from
[11] and [23].

Let C be a binary self-dual code of length n with an
automorphism σ of type p-(c, f ). Let �1, . . . , �c be the
p-cycles of σ and �c+1, . . . , �c+ f be the fixed points. Define

Fσ (C) = {v ∈ C | vσ = v},
and

Eσ (C) = {v ∈ C | wt(v|�i ) ≡ 0(mod 2), i = 1, · · · , c + f },
where v|�i is the restriction of v on �i .

Theorem 2.1 [11]: C = Fσ (C) ⊕ Eσ (C), dim(Fσ ) =
c+ f

2 , dim(Eσ ) = c( p−1)
2 ·

We have that v ∈ Fσ (C) iff v ∈ C and v is constant on each
cycle. Let π : Fσ (C) → F

c+ f
2 be the projection map where if

v ∈ Fσ (C), (vπ)i = v j for some j ∈ �i , i = 1, 2, . . . , c + f .
Denote by Eσ (C)∗ the code Eσ (C) with the last f coordi-

nates deleted. So Eσ (C)∗ is a self-orthogonal binary code of
length pc. For v in Eσ (C)∗ we let v|�i = (v0, v1, · · · , v p−1)
correspond to the polynomial v0 + v1x + · · · + v p−1x p−1

from P , where P is the set of even-weight polynomials in
F2[x]/〈x p − 1〉. Thus we obtain the map ϕ : Eσ (C)∗ → Pc.
P is a cyclic code of length p with generator polynomial x −1.

0018-9448 © 2015 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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TABLE I

THE NUMBER OF CODEWORDS OF MINIMUM WEIGHT FOR ϕ−1(Cϕ)

TABLE II

THE ORDER OF THE AUTOMORPHISM GROUPS FOR ϕ−1(Cϕ)

Theorem 2.2 [24]: A binary [n, n/2] code C with an auto-
morphism σ is self-dual if and only if the following two
conditions hold:

(i) Cπ = π(Fσ (C)) is a binary self-dual code of length
c + f ,

(ii) for every u, v ∈ Cϕ = ϕ(Eσ (C)∗) we have
c∑

i=1
ui (x)vi (x−1) = 0.

Furthermore, if 2 is a primitive root modulo p then Cϕ is a
self-dual code of length c over the field P ∼= F2p−1 under the

inner product (u, v) =
c∑

i=1
uiv

2(p−1)/2

i .

We also need the following.
Lemma 2.1 [24]: If σ is an automorphism of the binary

self-dual code C with c cycles and f fixed points, and
g2(k, d) = ∑k−1

i=0 �d/2i� then:

1) pc ≥ g2(
(p−1)c

2 , d);
2) if f > c, then f ≥ g2(( f − c)/2, d);

To classify the codes, we need additional conditions for
equivalence. That’s why we use the following theorem:

Theorem 2.3 [23]: The following transformations preserve
the decomposition and send the code C to an equivalent one:

a) the substitution x → xt in Cϕ , where t is an integer,
1 ≤ t ≤ p − 1;

b) multiplication of the j th coordinate of Cϕ by xt j where
t j is an integer, 0 ≤ t j ≤ p − 1, j = 1, 2, . . . , c;

c) permutation of the first c cycles of C;
d) permutation of the last f coordinates of C .

III. HERMITIAN [6, 3] CODES OVER F210

By Theorem 2.2 since 2 is a primitive root modulo
p = 11 we can conclude that the ϕ(Eσ (C)∗) is an
Hermitian [6, 3,≥ 3] self-dual code over P ∼= F210 under
the inner product

(u, v) =
6∑

i=1

uiv
32
i . (2)

P has identity e(x) = x + x2 + · · · + x10 and a primitive
element α = x + x3 + x5 + x8 + x9 + x10. Let δ = α11 be
an element of P with multiplicative order 93. Then we can
represent P = {0, xiδ j | 0 ≤ i ≤ 10, 0 ≤ j ≤ 92} ∼= F210 .

Let C be a binary self-dual code with minimum distance
d = 12, having an automorphism σ of order 11 with 6 cycles.
Then (up to a transformation form Theorem 2.3) the generator
matrix of the code ϕ(Eσ (C)∗) is in the form

A =
⎛

⎝
e 0 0 t1 t2 t3
0 e 0 t4 t5 t6
0 0 e t7 t8 t9

⎞

⎠, (3)

where ti ∈ {0, δ j , 0 ≤ j ≤ 92}, i = 1, . . . , 4, 7, tl ∈ P,
l = 5, 6, 8, 9.

Using the orthogonal condition (2) we computed all differ-
ent cases for the first row in (3) that generate a code with
minimum distance at least 12:

• When t1 = 0 we have 3 inequivalent cases: (t1, t2, t3) =
(0, δ, δ20), (0, δ, δ51), and (0, δ5, δ39).

• When t1 �= 0 we have exactly 123 inequivalent cases.

Next we add the second and third row of (3). We summarize
the final results in the following.

Theorem 3.1: Up to equivalence there are 31611 sub-
codes Eσ over P such that ϕ−1(Cϕ) generates a code with
minimum distance 12.

We list the number of codewords of weight 12 and the
cardinality of the automorphism groups of all constructed
codes in Table I and Table II, respectively.

IV. CONSTRUCTING CODES WITH AN AUTOMORPHISM

OF TYPE 11-(6, f )

Denote by gen C a generator matrix of the code C . We have
computed all possible generator matrices of E∗

σ (C). Let us fix
the E∗

σ part of

gen C =
(

gen E∗
σ O

gen Fσ

)

(4)
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and consider all permutations of the 11-cycles in Fσ (C) that
can generate different binary codes C .

We construct [n, k] self-dual codes with minimum distance
d = 12 with an automorphism of order 11 with 6 cycles.
There exists a [76, 38, 14] binary self-dual code (see [1]) so
66 ≤ n ≤ 74. In the case of a [74, 37, 12] binary self-dual
code we have automorphism of type 11-(6, 8). Thus f > c and
according to 2) from Lemma 2.1 then 8 = f ≥ g2(1, d) = 12,
which is a contradiction so this case is excluded.

Assume that we have a generator matrix B of a [c+ f, c+ f
2 ]

binary code that we can use in (4) substituting gen
Fσ = π−1(B). For a permutation τ ∈ S6 denote by Cτ

the self-dual code determined by the matrix (4) where as the
generator matrix for Fσ we use Bτ . We fix the Hermitian
part Eσ and consider the generator matrix of C is (4) for all
τ ∈ S6.

If the number of fixed points is f > 0 then for all binary
self-dual [c + f, c+ f

2 ] codes we have to choose a splitting of
the set of coordinates {1, 2, . . . , c + f } into two disjoint sets
Xc – the cycle coordinates and X f – the fixed coordinates in
such a way that d(Fσ (C)) ≥ 12.

A. [66,33,12] Codes With an Automorphism of Type 11−(6,0)

For a [66, 33, 12] self-dual code there are three possible
forms of the weight enumerator [5]:

W66,1 = 1 + 1690y12 + 7990y14

+ 302705y16 + 867035y18 + . . . ,

W66,2 = 1 + (858 + 8β)y12 + (18678 − 24β)y14 + + . . . ,

where 0 ≤ β ≤ 778 and

W66,3 = 1 + (858 + 8β)y12 + (18166 − 24β)y14 + + . . . ,

where 14 ≤ β ≤ 756.
Codes exist with W66,1; with W66,2 for β = 0, 2, 3, 5,

6, 8, …, 11, 14, …, 18, 20, …, 29, 31, 32, 33, 35, 36,
37, 38, 40, …, 54, 56, 59, 60, 62, …, 69, 71, …, 74, 76,
77, 78, 80, 83, 86, 87, 92; and with W66,3 for β = 28,
33, 34, 54, 56, . . . , 59, 62 and 66 (see [10], [14], [18]).

For a binary [66, 33, 12] self-dual codes with an automor-
phism of type 11-(6, 0) by Theorem 3.1 the subcode Cπ is the
unique [6, 3] binary self-dual code 3i2 [19]. By calculation all
codes Cπ for π ∈ S6 we have the following result.

Proposition 4.1: There are exactly 5122 inequivalent binary
[66, 33, 12] self-dual codes having an automorphism of
type 11-(6, 0).

All constructed codes have weight enumerator W66,2 for
β = 11k, k = 0, . . . , 8. We list the values of β and the
order of the automorphism groups of all constructed codes
in Table III. The values β = 55 and 88 were previously not
known so we list the generators for a code with every new
value in Table IV. Note that the codes with |Aut (C)| = 66,
330 and 660 are the double circulant codes from [8].

B. [68,34,12] Codes With an Automorphism of Type 11−(6,2)

There are two possible weight enumerators for a [68, 34, 12]
binary self-dual code:

W68,1 = 1 + (442 + 4β)y12 + (10864 − 8β)y14 + . . . ,

TABLE III

THE PARAMETERS OF [66, 33, 12] CODES, ALL WITH W66,2

and

W68,2 = 1+ (442 + 4β)y12+ (14960 − 8β − 256γ )y14+. . . ,

where β, γ are integer parameters. Codes are known with both
weight enumerators. For the most recent information on the
known values of the parameters we refer the reader to [16].

There are exactly two [8, 4] binary self-dual codes
4i2 and e8 [19]. In the case of 4i2 we cannot have the full
support of any weight 2 vector in X f , therefore assuming
the first 6 coordinates correspond to the cycles of σ we get

only one matrix for Cπ that is G1 =

⎛

⎜
⎜
⎝

101000 00
000110 00
000001 10
010000 01

⎞

⎟
⎟
⎠. The

automorphism group of the extended Hamming code e8 is
3-transitive so we can choose any two coordinates for X f .
Thus we have a unique matrix G2 = (I4|I4 + A4), where
A4 is the 4 × 4 all-one matrix.

Proposition 4.2: There are exactly 243789 inequivalent
binary [68, 34, 12] self-dual codes having an automorphism
of type 11-(6, 2).

When Cπ = G1 we found 99721 codes all with W68,2,
γ = 0 for different values of β listed in Table V. Note that
the values β = 11, 22, 33, 143, 154, 165, 176, 187, 198, 209,
220, 231, 308, and 330 are new.

When Cπ = G2 we found 144068 codes all with W68,1 for
different values of β listed in Table VI. The values β = 115,
247, 280, 291, 313, 324 and 379 are new. All codes with
|Aut(C)| = 66, 132 and 330 are bordered double circulant
known from [8, Table 7]. Our results completely match
Gulliver and Harada’s results [8].

C. [70,35,12] Codes With an Automorphism of Type 11−(6,4)

The possible weight enumerator of binary self-dual
[70, 35, 12] code is ([9])

W70,1 = 1 + 2βy12 + (11730 − 2β − 128γ )y14

+ (150535 − 22β + 896γ )y16 + . . .

or

W70,2 = 1 + 2βy12 + (9682 − 2β)y14

+ (173063 − 22β)y16 + . . . ,

where β and γ are integer parameters. Only codes with
W70,1 for γ = 1, β = 416 (see [9]) and γ = 0
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TABLE IV

THE GENERATORS OF SOME OF THE NEW [66, 33, 12] CODES

TABLE V

THE PARAMETERS OF [68, 34, 12] CODES WHEN Cπ = G1 ALL WITH W68,2

TABLE VI

THE PARAMETERS OF [68, 34, 12] CODES WHEN Cπ = G2 ALL WITH W68,1

for β = 138, 184, 230, 276, 322, 368, 414, 460, and 1012
(see [4]) are known.

There are two [10, 5] binary self-dual codes
5i2 and i2 ⊕ e8 [19]. In the case of 5i2 there is one
possible generator matrix for Cπ that is G3 = (I5|I5). The
other code i2 ⊕e8 has two different configurations for Xc, X f

that generate codes with d(Fσ (C)) ≥ 12. Therefore for
i2 ⊕ e8 we have two generator matrices:

G4 =

⎛

⎜
⎜
⎜
⎜
⎝

I5

00111
01000
10110
10101
10011

⎞

⎟
⎟
⎟
⎟
⎠

, G5 =

⎛

⎜
⎜
⎜
⎜
⎝

I5

10000
00111
01011
01101
01110

⎞

⎟
⎟
⎟
⎟
⎠

.

Proposition 4.3: There are exactly 456164 inequivalent
binary [70, 35, 12] self-dual codes having an automorphism
of type 11-(6, 4).

When Cπ
∼= G3 we have 74759 codes with weight enu-

merator W70,1 all with new values of the parameters: γ = 0,
β = 112, 134, 156, 178, 200, 222, 244, 266, 288, 310, 332,
354, 376, 398, 420, 442, 464, 486, 508, 530, 552, 574, 596,
618; γ = 11, β = 618, 640, 662, 684 and 706; γ = 22,
β = 684, 750, 772, 794.

When Cπ
∼= G4 we have 306048 codes with weight

enumerator W70,2 for β = 204, 226, 226, 248, 270, 270,
292, 314, 314, 336, 358, 358, 380, 402, 402, 424, 446,
446, 468, 490, 490, 512, 534, 534, 556, 578, 600, 622,
644, 666, 798, 842. This is the first time a code with the
weight enumerator W70,2 is constructed. For example the
code with β = 842 has Cϕ generated by (t1, t2, . . . , t9) =
(δ0, δ, δ63, δ62, x7δ36, x4δ25, δ62, x3δ43, x8δ51) and
Cπ = G4.

In the case Cπ
∼= G5 we found 75357 codes with

W70,1, γ = 0 most having new values β = 88, 110, 132, 154,
176, 198, 220, 242, 264, 286, 308, 330, 352, 374, 396, 418,
440, 462, 484, 506, 528, 1012. Only the code with β = 1012
was previously known [4].

D. [72,36,12] Codes With an Automorphism of Type 11−(6,6)

The best known distance for a doubly-even code of
length 72 is 12 and there is one possible weight enumerators
for such a code (see [3]):

W72 = 1 + (4398 + α)y12 + (197073 − 12α)y16

+ (18396972 + 66α)y20 + . . .
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There are two possible weight enumerators for a singly-even
[72, 36, 12] code:

W72,1 = 1 + 2βy12 + (8640 − 64γ )y14

+ (124281 − 24β + 384γ )y16 + . . .

and

W72,2 = 1 + 2βy12 + (7616 − 64γ )y14

+ (134521 − 24β + 384γ )y16 + . . . ,

where β and γ are integer parameters. Codes with W72,1
are known for more than 300 different values of β, γ . For
W72,2 only the following values of the parameters are known:
γ = 0, β = 209, 263, 309, 317, 335; γ = 11, β = 859
(see [3], [6], [16]).

According to Theorem 2.2, we have that Cπ is a binary
self-dual [12, 6] code. There are three such codes 6i2, 2i2 ⊕e8
and b12. After finding all different splittings of the coordinates
{1, . . . , 12} into Xc and X f we have 4 generator matrices such
that Cπ is a [72, 6,≥ 12] binary code: G6 = (I6|I6),

G7 =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

I6

101111
011111
111000
110100
110010
110001

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

, G8 =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

I6

011111
101111
110111
111011
111101
111110

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

,

G9 =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

I6

101111
011111
111000
110100
110010
110001

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

,

obtained from 6i2, 2i2 ⊕ e8, b12 and b12, respectively.
Proposition 4.4: There are exactly 63147 inequivalent

binary doubly-even [72, 36, 12] self-dual codes having an
automorphism of type 11-(6, 6). There are exactly 394368
inequivalent binary singly-even [72, 36, 12] self-dual codes
having an automorphism of type 11-(6, 6).

For Cπ
∼= G6 we have found 31536 doubly-

even [72, 36, 12] codes with weight enumerator W72 for
α = −4062, −3996, −3930, −3864, −3798, −3732,
−3666, −3600, −3534, −3468, −3402, −3336, −3270,
−3204, −3138, −3072, −3006, −2940, −2874, −2808,
−2742, −2676, −2610, −2544, −2412, −2016, −1356.
The values α = −4062, −3996, −3930, −2940, −2808,
−2610, −2544, −2412, −2016 are new. We have found that
a code for α = −3600 has |Aut(C)| = 7920 and a code for
α = −1356 has |Aut(C)| = 79200. These codes are known
from [16, Table 4].

When Cπ
∼= G7 there are exactly 196754 singly-even

[72, 36, 12] codes with weight enumerator W72,2 for 150 dif-
ferent values of β and γ : γ = 0, β ∈ {1 + 11m | 7 ≤ m ≤ 48,
m = 51, 52, 54, 56}; γ = 11, β ∈ {1 + 11m | 13 ≤ m ≤ 48,
m = 50, 51, 52, 54, 56, 58, 60, 62, 78}; γ = 22, β ∈ {1 +
11m | 23 ≤ m ≤ 54}; γ = 33, β ∈ {1 + 11m | 38 ≤ m ≤
57, m = 59, 60, 61, 62}; γ = 44, β ∈ {606, 617, 727}. All the
above values of the parameters except γ = 0, β = 309 and

γ = 11, β = 859, |Aut(C)| = 440 (see [16] for both) are
new.

In the case Cπ
∼= G8 we found 31611 doubly-even

[72, 36, 12] codes with weight enumerator W72 for 26 values
α = −4134, −4068, −4002, −3936, −3870, −3804, −3738,
−3672, −3606, −3540, −3474, −3408, −3342, −3276,
−3210, −3144, −3078, −3012, −2946, −2880, −2814,
−2748, −2682, −2616, −2418, −1362. Seven of the values:
α = −4134, −4068, −4002, −3804, −2748, −2682, and
−2418 are new.

Lastly, when Cπ
∼= G9 there are 197614 singly-

even [72, 36, 12] codes with weight enumerator W72,2
for 153 different values of β and γ : γ = 0, β ∈
{11m | 6 ≤ m ≤ 44, m = 47, 59, 68, 74, 76}; γ = 11,
β ∈ {11m | 13 ≤ m ≤ 54, m = 56, 58}; γ = 22,
β ∈ {11m | 23 ≤ m ≤ 57}; γ = 33, β ∈ {11m | 36 ≤
m ≤ 38, 40 ≤ m ≤ 58, 60 ≤ m ≤ 64}; γ = 44,
β ∈ {605, 627, 737}. All values are new except γ = 0,
β = 209 known from [16].

Remark 4.1: The computations were made by two of the
authors independently. Both computations match exactly. One
of the computations use GAP 4.7 [7] for the generation of
the codes and Q-extension [2] for the code equivalence. The
second computation was made with own Delphi code for code
generation and Q-extension for the code equivalence. Some
examples for the new codes can be accessed online at [22].
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