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In this article we give the definition of weakly prime hyperideals over multiplica-
tive hyperring. We provide important results showing the relations between prime
hyperideals and weakly prime hyperideals. Then we give definition of weakly n-
hyperideal and weakly (1, n) hyperideal over multiplicative hyperrings. Then we
investigate of their properties and give some examples. Hyperstructures are very
important topic because it satisfy to study multidisiplinary. Especially in chemis-
try, coding theory, geometry, artificial intelligence, etc.
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Introduction

Marty is the pioneer of the hyperstructure theory, in 1934 [1]. Hyperstructures have
many utilization either pure mathematics or applied mathematics. A hypergroup is a non-emp-
ty set H endowed by a hyperoperation *:H xH — P*(H), where P(H) is the set of all
non-empty subsets of H, which satisfies the associative law and reproduction axiom. Canoni-
cal hypergroups is a special class of the hypergroup of Marty. The more general structure that
satisfies the ring-like axioms is the hyperring in the general sense: (R, +) is a hyperring if "+"
and "." are two hyperopertions such that (R, +) is a hypergroup and "." is an associative hy-
peroperation, which is distributive with respect to "+". There are different notions of hyper-
rings [1]. If only the addition "+" is hyperoperation and the multiplication "." is usual opera-
tion, then we say that R is an additive hyperring. A special case of this type is the hyperring
introduced by Krasner [2]. Also, Krasner in 1983 introduced a class of hyperring and and hy-
perfields, the quotient hyperrings and hyperfields [2]. If only "." is a hyperoperation, we shall
say that R is a multiplicative hyperring. Rota (1982) introduced the multiplicative hyperrings;
subsequently, many authors work on this field (Nakassis, 1988; Olson and Ward, 1997; Pro-
cesi and Rota,1999; Rota, 1996) [2]. Algebraic hyperstructures has been studied in the follow-
ing decades and nowadays by many mathematicians. Weakly prime ideals was introduced by
Anderson and Smith(2003). They define weakly prime ideals and gave some important prop-
erties of weakly prime ideals [3].

Let H be a non-empty set and o:H xH — P*(H) be a hyperoperation. The cou-
ple (H,o) is called hypergroupoid. For any two non-empty subsets A and B of H, we define
A°B=U,cape@cb . A hypergroupoid (H,°) is called a semihypergroup if for all a, b, ¢ of H
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we have ao(boc)=(acb)oc, which means that U,_,,ucc=U,g.ca°v. A hypergrupoid
(H,°) is called quasihypergroup if for all a of H we have acH =H -a=H. A hypergrupoid
(H,°) which is both a semihypergroup and a quasihypergroup is called a hypergroup [2].
Atriple (R,+,.) is called a multiplicative hyperring if:

1) (R, +)isan abelian group

2) (R, .)isasemihypergroup

3) Forall a,b,ceR,wehave a.(b+c)cab+acand (b+c)acha+ca

4) Forall a,pbeR,wehave a.(-b)=(-a)b=—(ab) [2].

If in (3) we have equalities instead of inclusions, then we say that the multiplicative
hyperring is strongly distributive. A non-empty subset | of a commutative hyperring R is said
to be a hyperideal of R if x—yel and rxc| forany x,yel andr is element of R. If A
and B are hyperideals of R, then A+B={a+b:acAbeB} and AB=U{Zab:
g € Ab € B,neZ} which are hyperideals of R. The principal ideal of R generated by an el-
ement a is given by:

n m z
(a)={pa:peZ}+{D X%+ ¥+ z Vi, jk3r,s,,
k=

i=1 j=1
Uu,eR suchthat X eroay;eacs;,z, et cacu}

We define a set A={reR:r" <1} for some neN is called the radical of | and
denoted by JIor rad(1). A homomorphism (good homomorphism) between two multipli-
cative hyperrings (R,+,°) and (R',+',") isamap f:R— R’ such that for all x,yeR, we
have f(x+y)=f(X)+" f(y) and f(xoy)c f(X)o' f(y) [f(Xxoy)=f(x)o" f(y)] respec-
tively [3]. Let R be a commutative ring with identity. We define a proper hyperideal P of R to
be weakly prime if 0=abeP implies acP or beP. For any hyperideals | and J of R,
(1:J)={aeR:a-J c1}. In [4] authors give the definition of n-ideal. They gave some
properties of n-ideals. In [5] author gave the definiton r-ideal. An element a<R is called a
regular ~ (resp., zerodivisor) element if  Ann(a)=(0g), Ann(a) = (0g) and
Ann(a) ={r e R:ar =0xz}. We will show the set of all regular elements and zero divisor el-
ements of R, r(R) and zd(R), esp. Then he defined r-ideal (esp., pr-ideal) of R if whenever
abel and aer(R) imply that bel (b" el for some natural number n). Ameri and No-
rouzi [1] gave the definition of a nilpotent element. An element a<R is called nilpotent, if
Og =a"=acacao...oa, for some neN. Badawi and Celikel [6] gived the definiton of 1-
absorbing primary ideal. If ab.c e for some non-units a,b,c € A implies that either abe |
or ce+/I. Itis the generalization of primary ideals. Yassine et al. [7] defined 1-absorbing
prime ideal if ab.ce | for some non-unit a,b,c e A implies that abel or cel. In [8] au-
thors define weakly 1-absorbing prime ideals and give some properties of them. Let A be a
ring and a proper ideal P of A is said to be a weakly 1-absorbing ideal if for each non-unit
X,¥,zel with 0= xyz e P then either xy € P or z e P. Ugurlu [9] define a new concept of
n-hyperideals of commutative multiplicative hyperring. She gaved some important properties
and characterized n-hyperideals. In [10] authors defined strongly 1-absorbing primary ideals
if whenever abc el for some non-units a,b,cel, then abel or cen(A). Here n(A) is
the set of all nilpotent elements of A. In this study we investigate weakly prime hyperideal
over commutative multiplicative hyperrings and their important properties. Then we give
weakly n-hyperideal and weakly (1, n) hyperideal and some important properties about them.
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Weakly prime hyperideals

Throughout this paper R denotes the multiplicative hyperring.

Definition 1. Let R be a multiplicative hyperring and P be a proper hyperideal of R.
If {0}=a-bc P implies acP or beP then we say P is a weakly prime hyperideal.

Example 1. By the definitions of weakly prime hyperideal and prime hyperideal,
every prime hyperideal is a weakly prime hyperideal. But the converse is not true. See the ex-
ample below.

Example 2. See the example below from [1]. Let take (Z,,®,®) on the set of inte-
ger.

Table 1. The list of addition of elements on 7,

® 0 1 2 3
0 0 1 2 3
1 1 2 3 0
2 2 3 0 1
3 3 0 1 2
Table 2. The list of multiplication of elements on 7,
® 0 1 2 3
0 0 0 0 0
1 0 7, {0,2,} 7,
2 0 {0,2,} {0,2,}
3 0 Z, {0,2,} Ly

Description: From tabs. 1 and 2 (Z,,®,®) is a multiplicative commutative hyper-
ring on the set of integers. From the tab. 2 the hyperideal {0,2} is a prime hyperideal of
(7.4,®,®). From the definition we can say that it is weakly prime hyperideal. But 0 is not
prime hyperideal and it is weakly prime hyperideal of Z,.

Example 3. Let define the example in [11], take A={14,21} and then
X oy ={l4xy,21xy} on Z.

{0} #101={14,2} c 77 but 1¢ 77 . Then we can say 77 is not weakly prime hy-
perideal.

Example 4. The hyperideals of 77 ,{0} and itself because it is a hyperfield. From
the definition of weakly prime hyperideal itself can not be a weakly prime hyperideal. But
{0} is a weakly prime hyperideal.

Proposition 1. Let R be a hyperring and I be a hyperideal of R. For a,b e R, let de-
fine ax*b=acb+1. Then (R,+,*) is a multiplicative hyperring. Think, a weakly prime hy-
perideal P of R. We will show the new set is a weakly prime hyperideal or not?

Proof. Let {0}#a*bc P. Then, {0}#a*b=acb+l=(@+1)o(b+1)cP and P
is a weakly prime hyperideal then a+1 P or b+1 P. By thisway we get acPor beP.

Example 5. {0} hyperideal is not a prime hyperideal. And ({0})? ={0}.
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{0} hyperideal is not a prime hyperideal and ({0})> ={0}. It is understand that this
statement is generally true in the proposition we have given below.

Theorem 1. Let R be a multiplicative hyperring and P be a weakly prime hyperideal
of R. If P is not a prime hyperideal then P? ={0}.

Proof. Suppose that P? ={0}.We will show P is prime or not ? Let acbc P. If
{0}#2a-bc P then acP or beP. Lets investigate the situation a-b={0}. Fora p, P
suppose ao p, #{0}. Then, {O}#acp,=ac-(b+p,)<P. By this way, aeP or
b+ p,eP. Then, acP or beP. Let acP=0. For p, P there is a contradiction about
the hold {O}=a- p,. Since P2 = {0} there is Po. Yo € P such that p, - q, ={0}.

Corollary 1. Let P be a weakly prime hyperideal of R. If P<=+/0 then P is not a
prime hyperideal. If /O = P then P is a prime hyperideal.

Proof. Suppose that {0}#acbc P. Then we can say acP or beP. Take,
JO = P. Then, {0} P? and {0} < p, =y = (a+ py) © (b+¢,) < P. Since P is weakly prime
hyperideal a+ p, P or b+q,eP. If acP then p, P else beP then g, P. By this
way we get P is a prime hyperideal. Suppose that P /0 . {0} a-bc+/0 and from defini-
tion P is not a prime hyperideal.

Theorem 2. Let R be a multiplicative hyperring and P be a proper hyperring of R.
Then the followings are equivalent:

i.  Pisaweakly prime hyperideal

ii. ForxeR-P,(P:x)=PuU(0:x)

iii. For xeR—-P, (P:x)=P or (P:x)=(0:x)
iv. If {0}= AoB < P theneither AcP or B P

Proof. (i) = (ii): Let ae(P:x). From the definition acxc P. If aox={0} and
since P is a weakly prime hyperideal then acP. If aox={0} then a-.xc{0} and
a e ({0}: x). In brief we get, ac P U (0:x). Then; (P:x)cPu(0:X)....(1)

Let bePu(0:x). By this way we get bePor be(0:x). If, beP then,
vxeR,boxc P. Thenwe get be (P:x). Inashortword, (P:x)cPuU(0:X) .....(2)

If be(0:x),box<{0}. Then, boxc Pand be (P:X).

(ii) = (iii): obvious.

(iii) = (i): Let take (P:x)=P and (P:x)=(0:x). Then for all ae(P:x) and
ag(0:x),aoxc P. From assumption x ¢ P and from (P:x)=P we get a<P. In addition
to this, from (P:x) = (0:x) we get {0} a-x. By this way we say that P is a weakly prime
hyperideal of R.

(iv) = (i): Take {0}#achcP. {0}#(a)-(b) then (@) P or (b) < P. In other
word, acP or beP.

Corollary 2. Let R be a multiplicative hyperring and P, Q are weakly prime hyper-
ideals of R but they are not prime hyperideals. Then P -Q ={0}.

Proof. From the Corollary 1 and Theorem 2 Pc \/6 and Qc \/6 then
PoQcPo J5:{O}. But the other situation is not true. In other word P o+/0 ={0} then P is
a weakly prime hyperideal and it is not a prime hyperideal. See the example below.

Example 6. Consider the set of integers; (Z,+,.). Define the multiplication
Xoy={2xy,3xy}. Then (Z,+,) _is a multiplicative hyperring. Take P =12%Z.
\/6:{a e€Z:a" c0}={0} and P o\/6:1220\/6:{0,0,0,...,0}., P is not a prime hyperide-
al. Take a=2 and b=6 then {0}2a-b={24,36}c P =127 but a¢P and bgP and P is
not weakly prime hyperideal.
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Weakly n-hyperideal and weakly (1, ) hyperideal

Definition 2.

i Let | be a proper hyperideal of a hyperring R. Then, | is said to be a weakly n-hy-
perideal if whenever {0}=ac-bc | forsome a,bel, then ael or ben(R).

ii. lissaid to be weakly (1, n) hyperideal if whenever {0}=a-bocc | for some non-
units a,b,ceR, then acbc | or cen(R).

Because of the definitions of weakly (1, n) hyperideal and weakly n-hyperideal, we
can not say a weakly (1, n) hyperideal is also a n-hyperideal or a weakly n-hyperideal is also a
weakly (1, n) hyperideal. But in abstract algebra this situation is different. Every weakly
n-ideal is also a weakly (1, n) ideal. In hyperstructures this relation isn't satisfied.

Example 7. Let take A={2,3} on the set of integer. Think the 6Z hyperideal of Z.
Take a=3,b=6; acb={36,72} c 6Z neither 3€6Z nor 6 cn(Z). Then we see that 67
isn't a weakly n-hyperideal.

Example 8. Let take A={2,3} on the set of integer. Think the 77 hyperideal of Z.
Take a=2,b=3,c=7. aocboc={168,252,378}c 7Zbut neither 2377 nor 7 en(Z),
then 77 isn't a weakly (1, n) hyperideal of Z.

Definition 3. Let R be a hyperring and | be a hyperideal of R. Then | is said to be
weakly 1-absorbing primary hyperideal if for some non-units a,b,ceR and
{0}#a-bocc| then acbc | or cevl.

Proposition 2. Every weakly (1, n) hyperideal of R is weakly 1-absorbing primary
hyperideal of R.

Proof. Assume that | is a weakly (1, n) hyperideal of R. Suppose {0}=ac-bocc|
and c e+, for some non-units a,b,cel then c¢ n(R). Since | is a weakly (1, n) hyperide-
al of R, we get aobcI.

Proposition 3. Let R be a hyperring. Every n-hyperideal of R is also a weakly
n-hyperideal of R.

Proof. It is obvious from the definition. But the converse is may not be true in every
time. See the example below.

Example 9. See the Example 2. {0} is a weakly n-hyperideal but it isn't a n-hyper-
ideal.

Proposition 4. Every weakly hyperideal of a hyperring R is also a n-hyperideal of R.

Proof. This situation is obvious from the definition of weakly hyperideal and weakly
n-hyperideal.

Proposition 5. Let {I;};_, be a non- empty set of weakly n-hyperideals of R. Then
NI, is a weakly n-hyperideal of R.

Proof. Suppose that {0}=acbc I, and ag¢n(R) for a,beR. Then we get
{0}=ac-bc ;. Because of I; is a weakly n-hyperideal of R, bel; for Vi. By this way we
get beNl;. Thatis, NI; is a weakly n-hyperideal of R.

Theorem 3. Let R be a hyperring and | be a proper hyperideal of R. Then the follow-
ings are equivalent.

i I is a weakly (1, n) hyperideal of R.
ii. (I:aob)c(0:acb)un(R) for every non-unit elements a,beR such that
aobgl.
iii. (I:aob)=(0:ach) or (l:acb)=7n(R) for every non-units a,beR such that
aobgl.
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iv.  For every non-units a,beR and proper hyperideal J of R with {0}#achoJ |
implies that acbc | or J c n(R).

v.  For every non-units a< R and proper hyperideals J, K of R with {0}=2a-J-K ||
impliesthat a-J | or K <#(R).

vi.  For every proper hyperideals J, K, L and {0}#J oK oL c | implies that J K c |
or Lcn(R).

Proof. i) = ii): Assume that | is a weakly (1, n)-hyperideal of R. Take x (I :ac-h)
for non-units a,b e R. Then we get acbexcl. If x isaunitinR, then acbc | anditisa
contradiction with our assume. Assume that a-box {0} then the proof is completed. Since
I is a weakly (1, n) hyperideal and a-b&Il. Then we get xen(R). Hence
(I:aocb)c(0:acb)un(R).

i) = iii): Itis clear.

iif) = iv): Suppose that {0}#acboJc | but acbh&I. If (I:acb)=(0:a-b)
then we have J < (l:a-b)=(0:a-b) and this implies that a-boJ ={0}, this is a contra-
diction. Thus we have J < (I :a-b) cn(R) from the assumption.

iv) = v): Suppose {0}#acJoKcl and {0}za-J& land K& 7n(R). Then
there exists jeJ such that a- j& 1. Since {0}=a-J K, there exists beJ such that
aoboKcl and I is a weakly (1, n) hyperideal of R, we get acbcl, we can say
ao joK ={0}. If it is equal to zero we get a contradiction with previous assumption. By this
way ao joK={0} and {0}#acboK=ao(j+h)oKcl. Since
{0}#acbocK=ao(j+h)cK <l and I is a weakly (1, n) hyperideal, ac(j+b)cl. As
ao(j+b)cl and acbcl, a-jc | anditis a contradiction.

v) = vi): Assume that {0}=JKoLcl, JoK &I and L& n(R). There exists
jed suchthat jeK &I If joKoL={0} then Lcn(R) but this is a contradiction with
the assumption above and we get joK oL ={0}. Since {0}#J KoL, there exists beJ
such that boKoL=#{0} and since | is a weakly (1, n) hyperideal boKcl.
{0}#boKoL=(j+b)ocKoLcl, weget (j+b)oKc | therefore joK < | and this is a
contradiction.

vi) = i). Assume that {0}#a-bocc | for some non-units a,b,ceR. Take
J=(@),K=(b),L=(c). We get, {0}#acbocc(a)e(b)o(c)=JcKobLcl. Then
acbc(ach)=J-Kcl or ce(c) cn(R) it satisfies that | is a weakly (1, n) hyperideal of

X

Conclusions

In this study we give the definition of weakly prime hyperideals over multiplicative
hyperring and then give some examples about weakly prime hyperideals. We provide im-
portant results showing the relations between prime hyperideal and weakly prime hyperideals.
Then we give definition of weakly n-hyperideal and weakly (1, n) hyperideal over multiplica-
tive hyperrings and some important features about them. In future, one can investigate that
any other abstract algebra topic is can be implemented in hyperstructures or not.
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