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Motivated by the discovery of the doubly charmed state Tþ
cc and with the help of light-cone sum rules,

the magnetic moments of possible Tþþ
cc states are calculated. While calculating the magnetic moments of

these states, these particles are considered in the molecular picture and they have JP ¼ 1þ quantum
numbers. The magnetic moment results obtained for the Tþþ

cc states are large due to the double electric
charge. The results obtained in this study can be checked using other theoretical models. The magnetic
moments of the hadrons reveal valuable knowledge about the size and the shape of the hadrons.
Measurement of the magnetic moment of the Tþþ

cc states in future experimental collaborations can be very
useful to understanding substructure and identification the quantum numbers of these states.

DOI: 10.1103/PhysRevD.105.054019

I. INTRODUCTION

Apart from the traditional hadron state, mesons and
baryons, it is theoretically possible in states that contain
more quarks. These particles, which cannot fit into the
conventional hadron category, are called exotic states. In
the last few decades, numerous exotic particles have been
observed by different experimental collaborations, and the
number of new states reported continues to increase. These
newly discovered states not only create excitement in the
scientific community, but also bring new questions such as
the internal structure of these states and quantum numbers.
Many different models have been suggested to elucidate
and unravel the nature of these states, and many studies are
being conducted on them [1–10]. It should be noted here
that most of the exotic states reported in the experimental
facilities so far have hidden-charm or hidden-bottom quark
structure, i.e., they include cc̄ or bb̄ in their substructures.
Recently, the LHCb Collaboration reported the first

observation of doubly charmed tetraquark state Tþ
cc in the

D0D0πþ invariant mass spectrum [11,12]. The Breit-Wigner
parameters of this doubly charmed tetraquark state are δm ¼
−273� 61� 5þ11

−14 KeV andΓ ¼ 410� 165� 43þ18
−38 KeV,

where the mass difference is with respect to the D0D�þ
threshold. The fact that it has an electrical charge and
contains two charm quarks makes it a good candidate
for the exotic state with a quark content of ccūd̄. Also,

the spin-parity quantum number of this state was estimated
by the experiment as JP ¼ 1þ. The importance of the
reported Tþ

cc is identical to that of the X(3872) therefore
the newly discovered state offers a new and important
platform for both experimental and theoretical hadron
physics. Before and after the discovery of the Tþ

cc state,
many theoretical studies have been performed to understand
spectroscopic properties, the decay modes/production
mechanism and magnetic dipole moments within different
configurations [13–35]. In addition to the Tcc states the
properties of doubly-bottom tetraquark states have also been
investigated in different theoretical models [34–50]. Most of
the theoretical studies have obtained the quantumnumbers of
the observed Tþ

cc state as IðJPÞ ¼ 0ð1þÞ. In the case the Tþ
cc

has I ¼ 1, in Ref. [26] they predict the location of the other
two members (Tþþ

cc and T0
cc) of the triplet. Besides, using

heavy-quark spin symmetry, they predict the location of
possible heavier D�D� (I ¼ 0 or I ¼ 1) partners. In
Ref. [33], the isospin I ¼ 0; 1=2 and 1 of the Tcc states
have been investigated bymeans of theQCDsum rule. In this
study, strong and electromagnetic decay channels are also
proposed for tetraquarkswith these different isospin states. In
Ref. [34], the masses of the doubly heavy tetraquark states
without strangeness and; with single and double strangeness
in the framework of the one-meson exchange potential
model. In this study, they predicted that Tbb states are more
stable than Tcc states. In Ref. [39], the masses of theQQq̄q̄
tetraquark states with the help of heavy diquark-antiquark
symmetry and the chromomagnetic interaction model. They
predicted that only bbq̄q̄ and bbq̄s̄ states are stable with
respect to the strong decays. They also discussed the
constraints on the masses of these tetraquark states. In
Ref. [40], they have predicted masses of the doubly-heavy
tetraquark states in the heavy quark limit. They found that
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only doubly bottom tetraquarks with the ūd̄, s̄ū, and s̄d̄ are
stable with the strong decays. In Ref. [51], the mass and
residues of the possible Tþþ

cc tetraquark states were inves-
tigatedwith quantumnumbers JP ¼ 0− within theQCD sum
rules method.
The electromagnetic form factors and multipole

moments of hadrons, in addition to their spectroscopic
properties, may give a hint us identify their exact character,
inner structure, and quantum numbers. We know that the
electromagnetic multipole moments particularly magnetic
moment of the hadrons, which contain knowledge about
the spatial distributions of charge and magnetization inside
the hadrons, are directly associated to the spatial distribu-
tions of quarks and gluons inside hadrons. Therefore it is
interesting to investigate the magnetic and higher multipole
moments of hadrons. Motivated by the reasons given
above, in this study, we evaluate the magnetic moments
of possible Tþþ

cc states in the molecular configuration
employing the light-cone sum rule method [52–54].
Particles carrying a double-electric charge constitute
another very interesting class of exotic states, since the
doubly charged states cannot be described as standard
mesons. The doubly charged states may exist as doubly
charmed tetraquarks consisted of the heavy diquark cc and
light antidiquarks s̄s̄ or d̄s̄. To put it another way, they can
include two or three quark flavors. The diquark bb and
antidiquark ūū can also bind to form the doubly charged
state T−−

bb containing only two quark spices. In this study,
only the magnetic moments of Tþþ

cc states will be examined.
This manuscript is organized as follows. After the intro-

duction in Sec. I, in Sec. II we present the light-cone sum rule
formalism and in this formalism we determine the tools
necessary to calculate the magnetic moments of the Tþþ

cc
states. In the Sec. III, we make numerical calculations of
magnetic moments using the analytical expressions obtained
in the previous section and we discuss these results.

II. FORMALISM

In the light-cone sum rule approach, we evaluate a
correlation function, as building block of the method, once
with respect to the hadronic quantities such as coupling
constants, form factors, and second, with respect to the
QCD parameters and distribution amplitudes of the photon,
which are available with regard to different twists. Then
desirable physical quantity obtained by equating the
coefficients of appropriate Lorentz structures from both
representations of the correlation function and employing
the assumption of quark-hadron ansatz.
In order to calculate magnetic moment in light cone sum

rules, we need a correlation function in an external
electromagnetic field and its written as follows

Πμνðp; qÞ ¼ i
Z

d4xeip·xh0jT fJiμðxÞJi†ν ð0Þgj0iγ; ð1Þ

where the γ denotes the external electromagnetic field and
JiμðxÞ is the interpolating current of the Tþþ

cc states with the
spin-parity quantum numbers JP ¼ 1þ. In this study, since
Tþþ
cc states are examined in molecular configuration,

molecular forms of interpolation currents are needed and
those currents are written as follows [33]

J1μðxÞ ¼ jDD�iI¼1

¼ 1ffiffiffi
2

p f½d̄aðxÞiγ5caðxÞ�½d̄bðxÞγμcbðxÞ�

þ ½d̄aðxÞγμcaðxÞ�½d̄bðxÞiγ5cbðxÞ�g;
J2μðxÞ ¼ jDD�

siI¼1=2

¼ 1ffiffiffi
2

p f½d̄aðxÞiγ5caðxÞ�½s̄bðxÞγμcbðxÞ�

þ ½d̄aðxÞγμcaðxÞ�½s̄bðxÞiγ5cbðxÞ�g;
J3μðxÞ ¼ jDsD�

siI¼0 ¼ f½s̄aðxÞiγ5caðxÞ�½s̄bðxÞγμcbðxÞ�g;
J4μðxÞ ¼ jD1D�

0iI¼1

¼ 1ffiffiffi
2

p f½d̄aðxÞcaðxÞ�½d̄bðxÞγμγ5cbðxÞ�

þ ½d̄aðxÞγμcaðxÞ�½d̄bðxÞiγ5cbðxÞ�g;
J5μðxÞ ¼ jDs1D�

0iI¼1=2

¼ 1ffiffiffi
2

p f½d̄aðxÞcaðxÞ�½s̄bðxÞγμγ5cbðxÞ�

þ ½d̄aðxÞγμcaðxÞ�½s̄bðxÞiγ5cbðxÞ�g;
J6μðxÞ ¼ jD�

s1D
�
s0iI¼0

¼ f½s̄aðxÞcaðxÞ�½s̄bðxÞγμγ5cbðxÞ�g: ð2Þ

In the hadronic representation, the correlation function is
obtained by inserting a full set of hadronic state and
integrating the four-dimensional x. After these processes,
the correlation function is written as

ΠHad
μν ðp; qÞ ¼ h0jJμðxÞjTþþ

cc ðp; εθÞi
p2 −m2

Tþþ
cc

× hTþþ
cc ðp; εθÞjTþþ

cc ðpþ q; εδÞiγ
×
hTþþ

cc ðpþ q; εδÞjJ†νð0Þj0i
ðpþ qÞ2 −m2

Tþþ
cc

þ � � � ; ð3Þ

where q is momentum of the photon and dots represent the
effects of the higher states and continuum. The matrix
elements in Eq. (3) are written as

h0jJTþþ
cc

μ ðxÞjTþþ
cc ðp; εθÞi ¼ λTþþ

cc
εθμ; ð4Þ

hTþþ
cc ðpþ q; εδÞjJ†νð0Þj0i ¼ λTþþ

cc
εδν; ð5Þ
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hTþþ
cc ðp; εθÞjTþþ

cc ðpþ q; εδÞiγ
¼ −ετðεθÞαðεδÞβ

�
G1ðQ2Þð2pþ qÞτgαβ

þ G2ðQ2Þðgτβqα − gταqβÞ

−
1

2m2
Tþþ
cc

G3ðQ2Þð2pþ qÞτqαqβ
�
; ð6Þ

where λTþþ
cc
, εθμ and εδν are represent the residue, initial and

final polarization vectors of the Tþþ
cc states, respectively.

Here, G1ðQ2Þ, G2ðQ2Þ and G3ðQ2Þ are Lorentz invariant
form factors, with Q2 ¼ −q2.
The final form of the correlation function in the

hadronic representation is obtained using Eqs. (3)–(6) as
follows:

ΠHad
μν ðp; qÞ ¼

ερλ
2
Tþþ
cc

½m2
Tþþ
cc

− ðpþ qÞ2�½m2
Tþþ
cc

− p2�
�
G2ðQ2Þ

�
qμgρν − qνgρμ −

pν

m2
Tþþ
cc

�
qμpρ −

1

2
Q2gμρ

�

þ ðpþ qÞμ
m2

Tþþ
cc

�
qνðpþ qÞρ þ

1

2
Q2gνρ

�
−
ðpþ qÞμpνpρ

m4
Tþþ
cc

Q2

�

þ other independent structures

�
þ � � � : ð7Þ

Only the value of the G2ðQ2Þ form factor at Q2 ¼ 0 is
required to define the magnetic moment. The magnetic
form factor FMðQ2Þ is defined as

FMðQ2Þ ¼ G2ðQ2Þ; ð8Þ

the magnetic form factor FMðQ2 ¼ 0Þ, is proportional to
the magnetic moment μTþþ

cc
:

μTþþ
cc

¼ e
2mTþþ

cc

FMð0Þ: ð9Þ

In the second step of magnetic moment calculation of
Tþþ
cc states, correlation function is calculated with respect to

the QCD’s degrees of freedom and photon distribution
amplitudes. For this purpose, in QCD representation, we
contract the related quark fields by means of Wick’s
theorem after substituting the explicit expressions of the
interpolating currents in the correlation function. As an
example, we give the result of J3μ current as follows

ΠQCD
μν ðp; qÞ ¼ i

Z
d4xeip·xh0jfTr½γ5Saa0c ðxÞγ5Sa0as ð−xÞ�Tr½γμSbb0c ðxÞγνSbb0s ð−xÞ�

þ Tr½γ5Sab0c ðxÞγνSb0as ð−xÞ�Tr½γμSba0c ðxÞγ5Sa0bs ð−xÞ� − Tr½γ5Sab0c ðxÞγνSb0bs ð−xÞγμSba0c ðxÞγ5Sa0as ð−xÞ�
− Tr½γ5Saa0c ðxÞγ5Sa0bs ð−xÞγμSbb0c ðxÞγνSb0as ð−xÞ�gj0iγ; ð10Þ

where SqðxÞ and ScðxÞ are represent the full light and charm
quark propagators. Throughout our calculations, we use the
x-space expressions for the light and charm quark propa-
gators:

SqðxÞ ¼ i
=x

2π2x4
−
hq̄qi
12

�
1 − i

mq=x

4

�

−
hq̄qi
192

m2
0x

2

�
1 − i

mq=x

6

�

−
igs

32π2x2
GμνðxÞ½=xσμν þ σμν=x�; ð11Þ

ScðxÞ ¼
m2

c

4π2

�
K1ðmc

ffiffiffiffiffiffiffiffi
−x2

p
Þffiffiffiffiffiffiffiffi

−x2
p þ i

=xK2ðmc

ffiffiffiffiffiffiffiffi
−x2

p
Þ

ð
ffiffiffiffiffiffiffiffi
−x2

p
Þ2

�

−
gsmc

16π2

Z
1

0

dvGμνðvxÞ
�
ðσμν=xþ =xσμνÞ

×
K1ðmc

ffiffiffiffiffiffiffiffi
−x2

p
Þffiffiffiffiffiffiffiffi

−x2
p þ 2σμνK0ðmc

ffiffiffiffiffiffiffiffi
−x2

p
Þ
�
; ð12Þ

where hq̄qi is quark condensate, m0 is characterized via
the quark-gluon mixed condensate h0jq̄gsσαβGαβqj0i ¼
m2

0hq̄qi, Gμν is the gluon field strength tensor, and K1,
K2 and K3 are modified Bessel functions of the second
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kind. The first term of the light and heavy quark propa-
gators correspond to perturbative or free part and the rest
belong to the interacting parts.
The correlation function in Eq. (10) include different

contributions: the photon can be emitted both perturba-
tively or nonperturbatively. In the first situation, the photon
interacts with one of the light or heavy quarks, perturba-
tively. In this case, the propagator of the quark interacting
with the photon perturbatively is modified via

SfreeðxÞ →
Z

d4ySfreeðx − yÞ=AðyÞSfreeðyÞ; ð13Þ

the remaining three propagators in Eq. (10) are replaced
with the full quark propagators involving the perturbative
and the nonperturbative contributions. In the second sit-
uation, one of the light quark propagators in Eq. (10),
defined the photon emission at large distances, is
replaced via

SabμνðxÞ → −
1

4
½q̄aðxÞΓiqbðxÞ�ðΓiÞμν; ð14Þ

and the other propagators are replaced with the full
quark propagators. Here, Γi are the full set of Dirac
matrices. Once Eq. (14) is plugged into Eq. (10), there
appear matrix elements like hγðqÞjq̄ðxÞΓiqð0Þj0i and
hγðqÞjq̄ðxÞΓiGμνqð0Þj0i, denoting the nonperturbative con-
tributions. These matrix elements are parameterized in
connection with distribution amplitudes of the photon,
which were determined in Ref. [55]. The QCD degrees
of freedom representation of the correlation function can be
obtained associated with the quark-gluon parameters via
distribution amplitudes of the photon and after performing
an integration over x, the expression of the correlation
function in the momentum representation can be achieved.
As a final step, the qμεν structure is selected from both

representations and the coefficients of the structure are
matched from both the hadronic and QCD representations.
To remove the effects of the continuum and higher states,
Borel transformation and continuum subtraction are
applied. These steps are routine and quite lengthy for
the light-cone sum rules method, so we will not give these
technical analyzes here. Interested readers can find tech-
nical details on these applications in Ref. [56]. As an
example, we give the result of J3μ current as follows

μJ3μλ
2
J3μ
¼ e

m2

J3μ

M2 ΠQCD: ð15Þ

The results obtained for the ΠQCD function are given in
the Appendix. Analytical calculations of magnetic
moments of Tþþ

cc states end here. In the next section, we
will perform numerical calculations using these analytical
results.

III. NUMERICAL ILLUSTRATIONS
AND CONCLUSIONS

In the present section, we perform a numerical calcu-
lations of the light-cone sum rules for the magnetic
moments of the Tþþ

cc states. We use mu ¼ md ¼ 0,
ms ¼ 96þ8

−4 MeV, mc ¼ ð1.275� 0.025Þ GeV, hs̄si ¼
0.8hūui with hūui ¼ ð−0.24� 0.01Þ3 GeV3 [57], m2

0 ¼
0.8� 0.1 GeV2 [57] and hαsπ G2i ¼ ð0.012� 0.004Þ GeV4

[58]. Numerical values of the mass and residue parameters
of these Tþþ

cc states are also required in order to perform a
numerical analysis of the magnetic moment of these Tþþ

cc
states. These values were calculated in Ref. [33] with the
help of mass sum rules and these results are used in the
numerical analysis of the text. The wave functions in the
distribution amplitudes of the photon and all associated
expressions are taken from Ref. [55].
The physical quantity desired to be calculated in the

light-cone sum rules, in our case magnetic moments,
includes two extra parameters besides the input parameters
given above. These are the Borel mass parameter M2 and
the continuum threshold s0. According to the criteria of the
method we used, it is expected that the physical quantities
should not change according to these parameters. However,
in practice, it is necessary to find the working region where
the variation of the calculated physical quantities according
to these parameters is minimum. Physical constraints such
as pole dominance and convergence of OPE should be
applied in order to determine this working region.
Consequently of these restrictions mentioned above, the
subsequent working intervals for these extra parameters are
given in Table I. In Fig. 1, we depict the dependencies of
the magnetic moments versus M2 at fixed values of s0. As
one can seen from this figure, the variation of magnetic
moments with respect to M2 is quite stable. Though the
variation is high compared to s0, this variation remains
within the errors of the method used.
After determining all the input parameters required to

perform the numerical analysis, the magnetic moment
results obtained for the Tþþ

cc states using these input
parameters are given as follows

TABLE I. Working regions of the Borel mass parameters and
continuum threshold for magnetic moments.

Tþþ
cc state I s0 (GeV2) M2 (GeV2)

J1μ 1 19.5–21.5 4.5–6.5
J2μ 1=2 20.0–22.0 4.5–6.5
J3μ 0 21.0–23.0 4.5–6.5
J4μ 1 33.0–35.0 6.0–8.0
J5μ 1=2 34.0–36.0 6.0–8.0
J6μ 0 36.0–38.0 6.0–8.0
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μJ1μ ¼ 1.21þ0.54
−0.43μN; μJ4μ ¼ 1.76þ0.25

−0.25μN;

μJ2μ ¼ 1.03þ0.42
−0.37μN; μJ5μ ¼ 1.68þ0.25

−0.24μN;

μJ3μ ¼ 0.97þ0.37
−0.32μN; μJ6μ ¼ 1.63þ0.23

−0.22μN: ð16Þ

Errors in the results in Eq. (16) are due to uncertainties in
all input parameters, numerical values of the parameters in
photon distribution amplitudes, as well as extra parameters
such as M2 and s0. In Ref. [20], the magnetic moment of
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FIG. 1. The dependencies of magnetic moments of Tþþ
cc states on M2 at three different values of s0; (a), (b), (c), (d), (e), and (f) are

represent J1μ, J2μ, J3μ, J4μ, J5μ, and J6μ states, respectively.
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Tþ
cc state have been acquired within light-cone sum rules by

assuming its as diquark-diquark-antiquark and molecular
configurations. In the molecular configuration, the result
was obtained as μTþ

cc
¼ 0.43þ0.23

−0.22μN . Looking at the analy-
sis of the results, it is seen that the obtained values for Tþþ

cc
states are large. The main reason for this is that the studied
tetraquark states have double electric charge. It is to be
expected that there will be a two- or three-times difference
between single and double charged states, depending on
their quark contents, complicated interactions between
quarks and gluons etc. The magnitude of the magnetic
moment shows its measurability in experiment. From this
point of view, it can be said that it is possible to measure the
magnetic moments obtained experimentally. Hopefully, our
study may attract the lattice QCD and experiment plans in
future. It is also worth noting that the states have I ¼ 0 and
I ¼ 1 studied here are predicted to be unable to form bound
states when different models are used (see e.g.
Refs. [29,59–65] and references therein). However, we
should also state that in some studies in the literature, the
spectroscopic parameters of these states were obtained
[26,33,34,39,40,51,66,67]. In some cases, theoretical
explanations of structures for experimentally reported
multiquark states and the availability of theoretical pre-
dictions of possible multiquark states remain problematic.
Therefore, more precise experimental investigations of
multiquark states will be required to check the results of
theoretical investigations and to develop theoretical

models. Doubly charmed tetraquark molecular states can
search without strange, with strange and with double-
strange in the DDπ, DDγ, DDππ, DDsγ, DDsππ,
DDsπππ, DsDsγ, DsDsπππ invariant mass distributions
at the experimental facilities in the future.
In summary, in this work, we estimate magnetic moments

of possible doubly charged Tþþ
cc states within the light-cone

sum rules.While calculating the magnetic moments of these
states, these particles are considered in themolecular picture
and theyhave JP ¼ 1þ quantumnumbers. Themagnitude of
themagneticmoment shows itsmeasurability in experiment.
Themagneticmoment results obtained for theTþþ

cc states are
large due to the double electric charge. The results obtained
in this study can be checked using other theoretical models.
The magnetic moments of the doubly charmed tetraquark
states reveal valuable knowledge about the size and the
shape of the hadrons. Determining these parameters is an
important step in our interpretation of the hadron properties
with respect to quark-gluon degrees of freedom. It would be
exciting to anticipate future experimental efforts that will
look for possible Tþþ

cc states and test the findings from the
present study.

APPENDIX: EXPLICIT EXPRESSION FOR ΠQCD

In this appendix, the explicit forms of the analytical
expression obtained for ΠQCD are given as follows

ΠQCD ¼ es
283115520π5

½−20P1ð10I½0;4;2;0�− 30I½0;4;2;1� þ 30I½0;4;2;2�− 10I½0;4;2;3�− 29I½0;4;3;0�
þ 58I½0;4;3;1�− 29I½0;4;3;2� þ 28I½0;4;4;0�− 28I½0;4;4;1�− 9I½0;4;5;0� þ 4ð28I½1;3;2;1�− 29I½1;3;2;2�
þ 10I½1;3;2;3�− 56I½1;3;3;1� þ 29I½1;3;3;2� þ 28I½1;3;4;1�ÞÞ− 4m2

cð80msP3π
2ð8P1ðI½0;1;1;0�

− I½0;1;1;1�− I½0;1;2;0�Þ− 9ðI½0;3;2;0�− 2I½0;3;2;1� þ I½0;3;2;2�− 2I½0;3;3;0� þ 2I½0;3;3;1� þ I½0;3;4;0�
þ 6I½1;2;2;1�− 3I½1;2;2;2�− 6I½1;2;3;1�ÞÞ þ 40P1ð−3I½0;3;1;0� þ 5I½0;3;1;1�− 3I½0;3;1;2� þ I½0;3;1;3�
þ 6I½0;3;2;0�− 8I½0;3;2;1� þ 4I½0;3;2;2�− 3ðI½0;3;3;0�− I½0;3;3;1� þ 3I½1;2;1;1�− 4I½1;2;1;2�
þ I½1;2;1;3�− 6I½1;2;2;1� þ 4I½1;2;2;2� þ 3I½1;2;3;1�ÞÞ þ 27ð2I½0;5;2;1�− 5I½0;5;2;2� þ 4I½0;5;2;3�
− I½0;5;2;4�− 4I½0;5;3;1� þ 6I½0;5;3;2�− 2I½0;5;3;3� þ 2I½0;5;4;1�− I½0;5;4;2� þ 5ðI½1;4;2;2�
− 2I½1;4;2;3� þ I½1;4;2;4�− 2I½1;4;3;2� þ 2I½1;4;3;3� þ I½1;4;4;2�ÞÞÞ þ 16mcð20P1ð4P3π

2ðI½0;2;1;0�
− 2I½0;2;1;1� þ I½0;2;1;2�− 2I½0;2;2;0� þ 2I½0;2;2;1� þ I½0;2;3;0�− 2ðI½1;1;1;0�− 2I½1;1;1;1� þ I½1;1;1;2�
− 2I½1;1;2;0� þ 2I½1;1;2;1� þ I½1;1;3;0�ÞÞ þmsðI½0;3;1;0�− 3I½0;3;1;1� þ 3I½0;3;1;2�− I½0;3;1;3�
− 2I½0;3;2;0� þ 4I½0;3;2;1�− 2I½0;3;2;2� þ I½0;3;3;0�− I½0;3;3;1� þ 3ðI½1;2;1;1�− 2I½1;2;1;2� þ I½1;2;1;3�
− 2I½1;2;2;1� þ 2I½1;2;2;2� þ I½1;2;3;1�ÞÞÞ þ 540P3π

2ðI½0;4;2;0�− 3I½0;4;2;1� þ 3I½0;4;2;2�− I½0;4;2;3�
− 3I½0;4;3;0� þ 6I½0;4;3;1�− 3I½0;4;3;2� þ 3I½0;4;4;0�− 3I½0;4;4;1�− I½0;4;5;0� þ 4ð3I½1;3;2;1�
− 3I½1;3;2;2� þ I½1;3;2;3� þ 3ð−2I½1;3;3;1� þ I½1;3;3;2� þ I½1;3;4;1�ÞÞÞ þ 81msðI½0;5;2;0�− 4I½0;5;2;1�
þ 6I½0;5;2;2�− 4I½0;5;2;3� þ I½0;5;2;4�− 3I½0;5;3;0� þ 9I½0;5;3;1�− 9I½0;5;3;2� þ 3I½0;5;3;3�
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þ 3I½0;5;4;0�− 6I½0;5;4;1� þ 3I½0;5;4;2�− I½0;5;5;0� þ I½0;5;5;1� þ 5ðI½1;4;2;1�− 3I½1;4;2;2�
þ 3I½1;4;2;3�− I½1;4;2;4�− 3ðI½1;4;3;1�− 2I½1;4;3;2� þ I½1;4;3;3�− I½1;4;4;1� þ I½1;4;4;2�Þ
− I½1;4;5;1�ÞÞÞ þ 405ðI½0;6;3;0�− 4I½0;6;3;1� þ 6I½0;6;3;2�− 4I½0;6;3;3� þ I½0;6;3;4�− 3I½0;6;4;0�
þ 9I½0;6;4;1�− 9I½0;6;4;2� þ 3I½0;6;4;3� þ 3I½0;6;5;0�− 6I½0;6;5;1� þ 3I½0;6;5;2�− I½0;6;6;0� þ I½0;6;6;1�
þ 6ðI½1;5;3;1�− 3I½1;5;3;2� þ 3I½1;5;3;3�− I½1;5;3;4�− 3ðI½1;5;4;1�− 2I½1;5;4;2� þ I½1;5;4;3�
− I½1;5;5;1� þ I½1;5;5;2�Þ− I½1;5;6;1�ÞÞ�
þ ec
566231040π5

½−16m2
cð160msP3π

2ð2P1ðI½0;1;1;0�− I½0;1;1;1�− I½0;1;2;0�Þ þ 99ðI½0;3;1;0�
− 2I½0;3;1;1� þ I½0;3;1;2�− 2I½0;3;2;0� þ 2I½0;3;2;1� þ I½0;3;3;0�ÞÞ þ 27ðI½0;5;1;2�− 2I½0;5;1;3�
þ I½0;5;1;4�− 2I½0;5;2;2� þ 2I½0;5;2;3� þ I½0;5;3;2�Þ þ 5P1ðI½0;3;1;0�− 28I½0;3;1;1� þ 37I½0;3;1;2�
− 10I½0;3;1;3�− 2I½0;3;2;0� þ 30I½0;3;2;1�− 12I½0;3;2;2� þ I½0;3;3;0�− 2I½0;3;3;1� þ 6ðI½1;2;1;1�
− 6I½1;2;1;2� þ 5I½1;2;1;3�− 2I½1;2;2;1� þ 6I½1;2;2;2� þ I½1;2;3;1�ÞÞÞ þ 96mcð−40P1P3π

2ðI½0;2;1;0�
− 2I½0;2;1;1� þ I½0;2;1;2�− 2I½0;2;2;0� þ 2I½0;2;2;1� þ I½0;2;3;0�− 2ðI½1;1;1;0�− 2I½1;1;1;1� þ I½1;1;1;2�
− 2I½1;1;2;0� þ 2I½1;1;2;1� þ I½1;1;3;0�ÞÞ þ 120m2

0P3π
2ðI½0;3;2;0�− 2I½0;3;2;1� þ I½0;3;2;2�− 2I½0;3;3;0�

þ 2I½0;3;3;1� þ I½0;3;4;0� þ 6I½1;2;2;1�− 3I½1;2;2;2�− 6I½1;2;3;1�Þ þ 10msP1ðI½0;3;1;0�− I½0;3;1;1�
− I½0;3;1;2� þ I½0;3;1;3�− 2I½0;3;2;0� þ 2I½0;3;2;2� þ I½0;3;3;0� þ I½0;3;3;1�− 3ðI½1;2;1;1�− 2I½1;2;1;2�
þ I½1;2;1;3�− 2I½1;2;2;1� þ 2I½1;2;2;2� þ I½1;2;3;1�ÞÞ− 120P3π

2ð3I½0;4;1;0�− 9I½0;4;1;1� þ 9I½0;4;1;2�
− 3I½0;4;1;3�− 10I½0;4;2;0� þ 21I½0;4;2;1�− 12I½0;4;2;2� þ I½0;4;2;3� þ 11I½0;4;3;0�− 13I½0;4;3;1�
þ 2I½0;4;3;2�− 4I½0;4;4;0� þ I½0;4;4;1�− 4ðI½1;3;2;1�− 2I½1;3;2;2� þ I½1;3;2;3�− 2I½1;3;3;1� þ 2I½1;3;3;2�
þ I½1;3;4;1�ÞÞ þ 9msð12I½0;5;1;1�− 36I½0;5;1;2� þ 36I½0;5;1;3�− 12I½0;5;1;4�− 38I½0;5;2;1� þ 77I½0;5;2;2�
− 40I½0;5;2;3� þ I½0;5;2;4� þ 40I½0;5;3;1�− 42I½0;5;3;2� þ 2I½0;5;3;3�− 14I½0;5;4;1� þ I½0;5;4;2�
− 5ðI½1;4;2;2�− 2I½1;4;2;3� þ I½1;4;2;4�− 2I½1;4;3;2� þ 2I½1;4;3;3� þ I½1;4;4;2�ÞÞÞ þ 15ðP1ð−17I½0;4;2;0�
þ 51I½0;4;2;1�− 51I½0;4;2;2� þ 17I½0;4;2;3� þ 35I½0;4;3;0�− 70I½0;4;3;1� þ 35I½0;4;3;2�− 19I½0;4;4;0�
þ 19I½0;4;4;1� þ I½0;4;5;0�− 4ð19I½1;3;2;1�− 35I½1;3;2;2� þ 17I½1;3;2;3�− 38I½1;3;3;1� þ 35I½1;3;3;2�
þ 19I½1;3;4;1�ÞÞ þ 2016msP3π

2ðI½0;4;2;0�− 3I½0;4;2;1� þ 3I½0;4;2;2�− I½0;4;2;3�− 3I½0;4;3;0� þ 6I½0;4;3;1�
− 3I½0;4;3;2� þ 3I½0;4;4;0�− 3I½0;4;4;1�− I½0;4;5;0� þ 4ð3I½1;3;2;1�− 3I½1;3;2;2� þ I½1;3;2;3� þ 3ð−2I½1;3;3;1�
þ I½1;3;3;2� þ I½1;3;4;1�ÞÞÞ− 18ð2I½0;6;2;1�− 7I½0;6;2;2� þ 9I½0;6;2;3�− 5I½0;6;2;4� þ I½0;6;2;5�− 6I½0;6;3;1�
þ 15I½0;6;3;2�− 12I½0;6;3;3� þ 3I½0;6;3;4� þ 6I½0;6;4;1�− 9I½0;6;4;2� þ 3I½0;6;4;3�− 2I½0;6;5;1� þ I½0;6;5;2�
þ 6ðI½1;5;2;2�− 3I½1;5;2;3� þ 3I½1;5;2;4�− I½1;5;2;5�− 3ðI½1;5;3;2�− 2I½1;5;3;3� þ I½1;5;3;4�− I½1;5;4;2�
þ I½1;5;4;3�Þ− I½1;5;5;2�ÞÞÞ�
þm2

0esð25I4½A�I½0;5;3;0� þ 2I3½T 1�I½0;5;4;0� þ 578f3γπ2I2½V�I½0;4;4;0� þ χð476I1½V�I½0;6;4;0�
þ 39I3½S�I½0;6;3;0� þ 8I4½T 4�I½0;6;2;0�ÞÞ; ðA1Þ

where P1 ¼ hg2sG2i, P3 ¼ hs̄si are gluon and s-quark condensates, respectively. We should also mention that, in the
Eq. (A1), for simplicity we have only presented the terms that give substantial contributions to the numerical values of the
observables under investigation and ignored to present many higher dimensional operators though they have been
considered in the numerical calculations.
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The functions I½n;m; l; k�, I1½F �, I2½F �, I3½F �, and I4½F � are defined as:

I½n;m; l; k� ¼
Z

s0

4m2
c

ds
Z

1

0

dt
Z

1

0

dwe−s=M
2

snðs − 4m2
cÞmtlwk;

I1½F � ¼
Z

Dαi

Z
1

0

dvF ðαq̄; αq; αgÞδ0ðαq þ v̄αg − u0Þ;

I2½F � ¼
Z

Dαi

Z
1

0

dvF ðαq̄; αq; αgÞδ0ðαq̄ þ vαg − u0Þ;

I3½F � ¼
Z

Dαi

Z
1

0

dvF ðαq̄; αq; αgÞδðαq þ v̄αg − u0Þ;

I4½F � ¼
Z

Dαi

Z
1

0

dvF ðαq̄; αq; αgÞδðαq̄ þ vαg − u0Þ;

where F stands for the corresponding photon DAs.
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